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With the growth in size and complexity of data, methods exploiting
low-dimensional structure, as well as distributed methods, have been playing
an ever important role in machine learning. These approaches offer a natural
choice to alleviate the computational burden, albeit typically at a statistical
trade-off. In this thesis, we show that a careful utilization of structure of a
problem, or bottlenecks of a distributed system, can also provide a statistical
advantage in such settings. We do this from the purview of the following three

problems:

e Learning Graphical models with a few hubs: Graphical models
are a popular tool to represent multivariate distributions. The task of
learning a graphical model entails estimating the graph of conditional
dependencies between variables. Existing approaches to learn graphical
models require a number of samples polynomial in the maximum degree

of the true graph, which can be large even if there are a few high-degree

vil



nodes. In this part of the thesis, we propose an estimator that detects
and then ignores high degree nodes. Consequently, we show that such
an estimator has a lower sample complexity requirement for learning the
overall graph when the true graph has a few high-degree nodes or “hubs”

for e.g. scale-free graphs.

Kernel Ridge Regression via partitioning: Kernel methods find
wide and varied applicability in machine learning. However, solving the
Kernel Ridge Regression (KRR) optimization requires computation that
is cubic in the number of samples. In this work, we consider a divide-and-
conquer approach to solve the KRR problem. The division step involves
splitting the samples based on a partitioning of the input space, and the
conquering step is to simply use the local KRR estimate in each partition.
We show that this can not only lower the computational requirements of
solving the KRR problem, but also lead to improved accuracy over both a

single KRR estimate, and estimates based on random data partitioning.

Stragglers in Distributed Synchronous Gradient Descent: Syn-
chronous methods in machine learning have many desirable properties,
but they are only as fast as the slowest machine in a distributed sys-
tem. The straggler/slow machine problem is a critical bottleneck for
such methods. In this part of our work, we propose a novel frame-
work based on Coding Theory for mitigating stragglers in Distributed

Synchronous Gradient Descent (and its variants). Our approach views

viil



stragglers as errors/erasures. By carefully replicating data blocks and
coding across gradients, we show how this can provide tolerance to fail-

ures and stragglers without incurring any communication overheads.
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Chapter 1

Introduction

In the current big data era, data sets have been growing at a humongous
rate, both in terms of the number of samples, n, as well as the dimensional-
ity of each sample, p. This rapid growth has prompted a renewed interest in
machine learning approaches that exploit a low-dimensional structure in the
problem, as well as distributed algorithms for machine learning. While the
ambient dimension of a problem may be high, having low-dimensional struc-
ture, such as sparsity, low-rank etc., makes the problem amenable to efficient
estimators. Alternatively, distributed versions of machine learning algorithms
can help alleviate the computational burden for an estimator. Both these
paradigms are accompanied with their own set of assumptions, sample com-
plexity requirements, statistical guarantees and bottlenecks — and using these

as black-boxes for many real-world settings may not be the best thing to do.

In this thesis, we study three problems of interest in machine learning
— Learning Graphical models, Kernel Ridge Regression and Distributed Syn-
chronous Gradient Descent. We show that further consideration for structure
or bottlenecks in these problems, whilst in a distributed setting, can lead to an

improvement in statistical performance over several estimators. Specifically,



we consider the following problems:

e Learning graphical models with a few hubs: A graphical model is
a useful tool for representing multivariate distributions. It comprises of
a Markov Graph which represents various conditional dependencies in a
distribution as edges in a graph. The task of learning a graphical model
entails estimating this Markov graph, given samples from the underlying
distribution. A common approach to do this is based on estimating the
neighborhood of each node and then combine them to obtain a global
estimate. Learning the neighborhood of any node typically requires a
number of samples polynomial in the degree of the node. This can be
a problem if there are some high-degree nodes in the true underlying
graph, since estimating them may require way more samples than what
we have. To avoid this, we propose an estimator which uses fewer sam-
ples by detecting and then ignoring high degree nodes. Thus, we only
require learning the neighborhoods of low degree nodes. We do this for
the problem of learning Ising models (a subclass of graphical models).
Consequently, we show that such an estimator has a lower sample com-
plexity requirement for learning the overall graph when the true graph

has a few high-degree nodes or "hubs” for e.g. scale-free graphs.

e Kernel Ridge Regression (KRR): Kernel methods are widely used in
machine learning, since they provide a simple mechanism to extend many

linear models to more complex functions. By using the Kernel trick and



the Representer theorem, they allow learning linear models implicitly
in a space of higher-dimension (potentially infinite) while still keeping
the optimization tractable. They suffer, however, from high computa-
tional requirements: typically polynomial in the number of samples. For
example, solving a single KRR optimization has a computational com-
plexity that is cubic in the number of samples. A simple and commonly
used distributed strategy to reduce the computational cost is to ran-
domly split the data into disjoint groups, learn a KRR estimate for each
group, and then return the average of all estimates. By controlling the
number of groups, one can tradeoff the overhead of learning multiple
KRR estimates with the gain in computation of any of the individual
KRR estimates. Note that the latter is lesser as groups increase since
each group has fewer samples. In our work, we consider an alternate
divide-and-conquer approach to solve the KRR problem. The division
step involves splitting the samples based on a partitioning of the input
space (obtained via clustering, or otherwise), and the conquering step is
to simply use the local KRR estimate of a partition (i.e. a KRR esti-
mate using points only in the partition) as its global estimate. We show
that this can not only lower the computational requirements of solving
the KRR problem, but also lead to a statistical improvement over both
a single KRR estimator and estimators based on random data splitting

alluded to above.

e Stragglers in Distributed Synchronous Gradient Descent: Syn-



chronous methods in distributed machine learning have many desirable
properties such as stability and faster convergence. A major drawback
however is that they are only as fast as the slowest machine in a dis-
tributed system. In this work, we propose a novel approach to tackling
this problem. We leverage ideas from coding theory to mitigate strag-
glers in Distributed Synchronous Gradient Descent. Typically, coding
theory is used for reliable communication across a channel susceptible
to errors/erasures. By carefully encoding the intended message as a
larger message, one can guarantee recovery of the original message up
to a certain number of errors. Our key idea is to view stragglers as
errors/erasures from a coding theoretic perspective. For our setting,
we show that by carefully replicating data blocks and coding across the
gradients (in in Distributed Synchronous Gradient Descent), one can ob-
tain tolerance to failures and stragglers at no communication overhead,

although with a computational one.

The rest of this document is organized as follows. Chapter 2 discusses
the problem of Learning Graphs with a few hubs. Chapter 3 relates to the
problem of Kernel Ridge Regression. Chapter 4 considers the problem of
stragglers in Distributed Synchronous Gradient Descent. Finally, Chapter 5

concludes with a short summary.



Chapter 2

Learning Graphs with a Few Hubs'

2.1 Introduction

Graphical Models are a popular class of multivariate probability dis-
tributions that are widely used in applications across science and engineering.
The key idea here is to represent probability distributions compactly as a
product of functions over the cliques of an underlying graph. The task of
graphical model selection is to learn the underlying undirected graph given
samples drawn from the distribution it represents. This task becomes particu-
larly difficult in high-dimensional data settings, where the number of variables

p could be larger than the number of samples n.

Due in part to its importance, many practical algorithms with strong
statistical guarantees have been proposed for this graphical model selection
problem. In this chapter, we focus on binary Ising models, i.e. where the
variables are binary. For such Ising graphical models, [49] show that “local”
node-wise ¢;-regularized logistic regressions can recover the underlying graph

exactly with high probability, when given n = O(d®log(p)) i.i.d. samples,

!This chapter is based on [60]. The author of this work was the first author and primary
contibutor to [60].



where p is the number of nodes, and d is the maximum node-degree of the
graph. Another class of methods are based on local search and thresholding [1,
3,9, 13], but in the absence of other stringent assumptions, their computational
complexity scales exponentially with the local node-degrees d. Among more
“global” approaches, [13, 30, 43] and others have proposed penalized pseudo-
likelihood [7] based approaches; while [61] have proposed penalized estimators
based on variational approximations to the graphical model log-likelihood;
however the sample complexity of these methods also scale polynomially with

the maximum node-degree of the graph.

Here, we consider the setting where the graphs have a few hub nodes,
which are highly connected nodes whose degree could scale as large as linearly
in the number of nodes. An importance instance of this are power-law graphs,
which occur ubiquitously in many real-world settings, and in which hub-nodes
with large degrees are few in number but not non-existent, and their maximum
node degree could be very large. Since the sample complexity of the state of the
art methods listed above scale polynomially with the maximum node-degree,
they would thus not be very suitable in recovering such power-law graphs with
hub nodes. Motivated by this, there have been a few statistical estimators
proposed that explicitly target power-law graphical model estimation. [38]
propose a novel non-conver regularization motivated by the power-law degree
distribution, a convex variant of which was also considered in [19]. While
these methods did not provide theoretical guarantees, even their experimen-

tal results demonstrated limited improvements in sample complexity over ¢,



regularization based methods. [43] propose a pseudo-likelihood based proce-
dure for learning discrete graphical models that minimizes the sum of weighted
node-wise conditional log-likelihoods, where the node-wise weights could po-
tentially be tuned to encourage power-law structure, but this was suggested
as a heuristic. For the specific case of Gaussian graphical models, [26] provide
an approach based on thresholding sample partial correlation matrices, and
provide asymptotic expressions for false discovery rates under stringent weak

dependence assumptions.

Consider the following leading question: what if we do not have enough
samples to solve for the node-conditional distribution of a hub-node in an Ising
model i.e. what if we we have less than d; log p samples, where dj, is the de-
gree of the hub node? The estimators above that focus on the estimation of
a hub-networked graphical model all focus in part on the estimation of such
“difficult” sub-problems; so that they have a large sample complexity for esti-
mating such hub-networked graphical models [58]. Instead, we propose to turn
the problem on its head, and use our inability to estimate such difficult sub-
problems given limited samples, to then turn around and be able to estimate
the hub-network. To provide intuition for our strategy, consider a star-shaped
graph, with one hub node, and the rest being spoke nodes connected only to
the hub. The maximum degree of the hub node is thus p — 1, so that estimat-
ing the node-conditional distribution of the hub-node would require samples
scaling as p®logp. What if only have samples scaling as logp? But suppose

we are also able to realize that we are unable to estimate the node-conditional



distribution of the hub-node; and only those of the spoke nodes. We can
then ignore the neighborhood estimation of the hub-node, and use the reliable
neighborhood estimates of just the spoke nodes: this suffices to estimate the

star-graph.

In this work, we formalize this strategy: we provide a quantitative cri-
terion for checking whether or not the given number of samples suffice for
regularized node-conditional distribution estimation as in [49] at a given node.
We then use this to detect “hub nodes,” and use only the neighborhood es-
timates from the remaining nodes to construct the graph estimate. We note
that our notion of “hub nodes” is specifically related to the difficulty of node-
neighborhood estimation, which only roughly corresponds to the node-degree
(while the required sample size scales as O(d®logp), the constants matter in

finite sample settings).

Our criterion is based on the following key observations on ¢; regular-
ized node-neighborhood estimation for any node u € V conditioned on the
rest of the nodes. Consider the variance of the Bernoulli event of the incidence
of any node v € V\u in the node-neighborhood estimate, as a function the
regularization penalty. When the penalty is very small, the node-neigborhood
estimate will include all nodes, and the variance will be zero; when the penalty
is “just right,” the node-neighborhood estimate will be correct and will include
v iff it is a neighbor with very high probability, so that the variance will again
be (close to) zero, and when the penalty is very large, the node-neighborhood

estimate will be null, and the variance will again be zero. Contrast this behav-



ior with the setting where there are very few samples to allow for neighborhood
recovery at any value of the regularization penalty: then the variance starts off
at zero, rises, and then slowly goes to zero as the node-neighborhood becomes
null. The difference in the observable behaviors between these two settings
thus allows us to differentiate “hub” nodes from non-hubs. As we show, we are
able to provide concrete statistical guarantees for our procedure, demonstrat-
ing improved sample complexity over the vanilla ¢; regularized node-regression

procedure.

We note that the approach of [39] is similar in spirit to ours, utilizing a
weighted combination of the node wise estimates to obtain the overall estimate,
where the weights are the inverse of an alternate notion of variance. However,
their approach deals with parameter estimation in the asymptotic sense, and

is not applicable to structure estimation in the high dimensional setting.

Overall, we make a key advance in the estimation of hub-networked
graphical models: we provide a tractable procedure with strong statistical
guarantees even under very low-sample settings where we cannot even esti-
mate the node-conditional distributions of the hub nodes. Our methods in-
volve binary reliability indicators for node-conditional distribution estimation,
which could have broader applications in many scientific and engineering ap-
plications, even outside the context of graphical model estimation. Finally, all

proofs related to the results in this Chapter can be found in Appendix A.



2.2 Notation and Preliminaries

Let X = (Xi,...,X,) be a random vector, with each variable X, (i €

[p]) taking values from a discrete set X. Let G = (V, E) be an undirected

graph over p nodes, corresponding to the p variables {X;,..., X,}. A pair-

wise Markov random field over X = (X3,...,X,) is a probability distribution

specified by non-negative pairwise functions ¢,; : X x X — R for each edge
(r,t) € E:

P(x) o H Ort (T, 1) (2.1)

rtel

Note that we use rt as a shorthand for the edge (r,t). In this work, we focus on
the Ising model setting i.e. where we have binary variables with X = {—1, 1},
and where ¢, = exp (0,4x,x;) for a given set of parameters § = {0,, |rt € E}.
In this case, (2.1) can be rewritten as :

Zg@) exp {Z Qrtxwt} , (2.2)

rte

Pg(ﬂ?) =

where Z(0) = > exp {ZrteE Grt:crxt}.

ze{-1,1}p

Let D := {zM ... 2™} be n samples drawn i.i.d from the Ising model
distribution Py« with parameters 6* € R®) and Markov graph G* = (V, E¥),
|V| = p. Note that each sample z(? is a p-dimensional binary vector z() €

{—1,1}?. The edge set E* is related to the parameters 8* as E* = {(r,t) € V. x V | 6%, # 0}.

The task of graphical model selection is to infer this edge set £* using
the n samples. Any estimator En for this task is said to be sparsistent if it

satisfies P [En = E*] — 1 as n— oco.

10



2.2.1 /;-regularized estimator

We now briefly review the state-of-the-art estimator of [49] (called the
l1-estimator henceforth). The key idea there is to estimate the true graph E*
by estimating the neighbourhood of each node r € V' in turn. Suppose N*(r)
denotes the true neighbours of the vertex r, so that N*(r) = {t| (r,t) € E*}.
The ¢;-estimator uses sparsistent neighborhood estimators ﬁn(r) cVVvreV
s.t. P [ﬁn(r) = N*(r)| — 1 as n — o0, to then obtain a sparsistent estimate

of the entire graph.

Note that for any r € V, the set of parameters 6* is related to the
true neighbourhood as N*(r) = {t |6, # 0,t € V'}. The {-estimator exploits
this to pose neighbourhood selection as an /;-regularized logistic regression
problem, minimizing the negative conditional log-likelihood for each node with
an additional /;-penalty. Note that for a set of parameters # and a node r € V,

the conditional distribution of X, conditioned on Xy, is given as
B exp(2x, Zte\/\r Or1xt)

1+ exp(2, D ievi Orie)
Defining 6\, = {0, |t € V.t #r} and x\, = {z¢|t € V,t # r}, the negative

Py (@ | zv\r) (2.3)

conditional log-likelihood of the samples D would be given by
L (0\7“; D ) -

1< , . , .

— Z log (1 + exp (22907 20)) — 22007 0 L

n r U\r A\ r U\ \rp
i=1

The ¢;-estimator solves the following optimization problem for each

(2.4)

reV:
arg min {£(0\,; D) + ||\ [} - (2.5)

9\7‘ eRp—1

11



Let ¢/9\\T(D) correspond to the solution of (2.5). Then the neighbourhood es-
timate is given as the non-zero locations or support of a\T(D): 7/\\f,\(7"; D) =
Support <§\T(D)>. Finally, the edge estimate is computed by taking the union

of all neighbourhood estimates: En,/\ = UV{(T, t)|te 5\\5\(7‘; D)}.
re

The ¢;-estimator has been shown to have strong statistical guarantees
under certain incoherence conditions. Below, we restate the incoherence con-
ditions of [49], for the sake of completeness. These are stated in terms of
the Hessian (in expectation) of the likelihood function for the true parameter
vector 07, which is given as Q) = E [VQ log Py~ (:UT | xv\r)}. For brevity, we
shall briefly write @} as Q*, the true neighbourhood set N*(r) as N, and its
complement, V' \ N*(r) as N°. Then, their incoherence conditions (with r € V'

being implicit in @* and N) are :

(A1) 3 a const. Cpin > 0 st Apin (Qi) = Cimin. Also, 3 a const. Cpax s.t.
Amas (B [ X X, ]) < Coas

(A2) 3 a constant a € (0,1] s.t. ||Q%ex (Q}}N)_le <l-a

Note that Apin(+) and Ayax(c) correspond to the minimum and maximum

eigenvalues of a matrix respectively, and ||| corresponds to the standard

{--matrix norm.

Now, we restate the main theorem below from [49] using our notation,

and refer the reader to their paper for details.
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Theorem 2.1 (Guarantee for the ¢i-estimator; see [49]). Suppose an Ising
graphical model with true parameter set 0* satisfies conditions (Al) and (A2)
for allnodesr € V.. Consider anyr € V, and let d, = [|65, |lo denote its degree.
Then, there exist constants cy, ¢, 3, ¢4 such that if we have A > cl\/@ and

n > cyd?logp and N, (r) = {t e N*(r) | |6%] > 03\/d_r)\}, then

S

sub

P (J/if,\(r; D) =N: (7")) > 1—2exp (—cs\?n). (2.6)

Based on Theorem 2.1, and a simple application of the union bound,
we can see that the sample complexity for recovering the entire graph scales
as n = Q(d3 . log p) samples, where dp. is the maximum degree of the graph

G* = (V, E*). However, as detailed earlier, d,.x may be huge for hub-graphs,

so that the sample complexity of the ¢;-estimator will be large for such graphs.

2.3 Sufficiency Measure Based Estimator

As noted in the introduction, our approach is based on using a quanti-
tative criterion for checking whether or not the given number of samples suffice
for regularized node-conditional distribution estimation as in the ¢;-estimator
at a given node. Given such a criterion, we can then take the union of only
those neighborhood estimates which the method is guaranteed to estimate
accurately, and not consider the “junk” estimates. Towards building such a

observable “sufficiency” criterion, we first setup some notation.
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2.3.1 Sufficiency Measure

For every r € V and t € V'\r, we define p, ,, () =P (t € 5\\5\(7‘; D)), as
the probability of variable ¢ being included in the neighbourhood estimate of
variable r, estimated by the ¢;-estimator with regularization A, given n samples
drawn i.i.d. from the underlying Ising model. Note that the probability is
taken over n samples. Based on Theorem 2.1, we have the following simple

corollary.

Corollary 2.1. For anyr € V, suppose 6* and (n, \) satisfy all conditions of

Theorem 2.1 with constants ¢y, co, c3,cy; then

Praa(t) = 1= 2exp (—esX?n)  if t € Niy(r) and,

sub
(2.7)
pr,n,)\(t) S 2€Xp (_04)\271’) /Lft §é N:ub(r)7

where Nt (1) = {t e N*(r) | |65 > 03\/c_l)\}.

Thus, when the number of samples n is sufficient for neighborhood re-
covery, depending on whether node ¢ is in the true neighborhood of r, p; ,, A(t)
goes extremely close to zero or one; equivalently p,,(t) (1 — p.na(t)) goes
extremely close to zero. Building on this observation, let us define the “suffi-

ciency” measure

M,y = max prpa(t) (1 —pran(t)) . (2.8)
teV\r

It can thus be seen that this sufficiency measure goes to zero when the number

of samples n is sufficient for recovering the neighborhood of node r.
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In the sequel, we will analyze a natural U-statistic to estimate this
sufficiency measure from data. We first require some more notation. For any
b (1 <b< g), we define S,(D) as the set of all possible subsamples of size b,

drawn from D without replacement, so that

Sy(D) = {(z'™), .. x®)) |1 <ip < ... <iy<n}. (2.9)

Given any subsample D, € Sy(D) of size b, let Fy (Dy) be a function

such that R
1 ift € Npa(r; D
Dy = 4} E N D) (2.10)
’ 0 otherwise.
Now, we consider the U-statistic (of order b),
~ 1
Proa(t;D) = 7= Y FY(Dy). (2.11)

(b) DyeSy(D)

Note that E [p.px(t; D)] = prpa(t). We are now ready to provide the
U-statistic estimate of the sufficiency measure in (2.8):

M,sa(D) = max Proa(t; D) (1 = prpa(t; D)) . (2.12)

Computing j\knb, A(D) would require computing p,, A (t; D) for every ¢ €

V'\ r, which in turn would require considering all possible (7;) sub-samples of
D. However, as we show below (see also analyses in [37, 44] on sub-sampling),
it suffices to choose a number N > n/b of subsamples drawn at random. Thus,

our actual estimate for p, () is

Prpa(t; D) ZFM (2.13)
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where Dy, ..., Dy are subsamples chosen independently and uniformly at ran-

dom from Sy(D), and the estimate for the sufficiency measure is

A~

M, (D) = 1 ai( Drox(t; D) (1 — prpr(t: D)) . (2.14)

teV

We describe the procedure to calculate JV[M,’ A(D) in Algorithm 2.1.

Algorithm 2.1 Estimating JT/[T,Z,,,\(D)

Input : Data D := {2z, ... 2} Regularization parameter A, Sub-sample
size b , No. of sub-samples N

Output: An estimate of M, ; \(D)

VteV \ T, ]A)T,b’)\(t; D) ~—0
fori=1to N do
Pick a sub-sample D; chosen uniformly randomly from S,(D)

Compute J/\\fb,)\(r; D;) by solving (2.5) (¢1-estimate)
for t € Nb)\(’l“; Dl) do
| Drpa(t; D) <= prpa(t; D) + 1

VteVA\r, DProalt; D) < Drpa(t; D)/N

~

M,y 2 (D) + gélgii Prpa(t; D) (1 — prpa(t; D))

Once J\A/[T,b, A(D) has been computed, we have the following lemma which
shows that it is e-close to M,.; » with high probability, provided we have suffi-

ciently many samples .

Proposition 2.1 (Concentration of J\A/[T’b’A(D) to M, p). For any 6 € (0,1]

and € > 0, if we have n > 2 [logp + log (4/6)] and N > [%], then,

]P) <|J§/\[T’b7>\(D) — Mr,b,/\| S 6> 2 1-— 5 (215)
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2.3.2 Behavior of the Sufficiency Measure

The key question of interest is whether we can use the sufficiency mea-
sure M,.; » (via its sample estimate ﬁr,b’,\(D)) to detect “hub-nodes” that we
define specifically as those nodes for which we do not have enough samples for
the (i-estimator to be sparsistent. Correspondingly, let us define “non-hub”
nodes in this context as those nodes for which we do have enough samples for

the ¢i-estimator to be sparsistent. We formalize these notions below.

Definition 1 (Non-Hub Node vs. Hub Node). Assume that the true parameter
set 0% satisfies the incoherence conditions, (Al) and (A2), for all nodesr € V.
Consider any node r € V. It is termed a “non-hub node” w.r.t. n samples if
3 a regularization parameter A s.t. (n, \) satisfy all conditions of Theorem 2.1

with constants cq, ¢, c3,c4. Otherwise, the node is termed a “hub” node.

Since the sample complexity of neighborhood estimation via the /¢;-
estimator scales cubically with the node-degree (from Theorem 2.1), hub nodes
as we define here correspond loosely to high-degree nodes, but in the sequel,
the exact specification of “hub” and “non-hub” nodes are as detailed by the

definition above.

Before we describe the behaviour of M, y for “hub” nodes and “non-
hub” nodes, we impose the following technical assumptions on the behaviour

of p,p A (t) needed for our algorithm to work.

Assumption 2.1. Vr € V, p,,.(t) satisfies the following: For fived b and

17



some constant ¢(> 0), let
Amin(t) = min {A > 0 p,pa(t) < 1 —2exp (—clogp)},
and, (2.16)

Amax(t) = max {A > 0|p,pr(t) > 2exp (—clogp)}.

Then, Amin(t) and Apax(t) are attained at finite values s.t.
(a) For anyt € V\r and X € (Anin(t), Amax(t)), we have
Prox(t) € [2exp(—clogp), 1 — 2exp(—clogp)]. (2.17)
(b) For allt ¢ N*(r),
Amin(1) < Amin < Amax < Amax (1), (2.18)
for some finite Ayin, Amax > 0 independent of t.
(c) Foranyt €V \r, 3¢ & N(r): Apmn(t') < Amax (£).
Additionally, p.pA(t) is a continuous function of .

To build intuition for the assumptions, as well as our analysis in the se-
quel, it will be instructive to consider the behavior of the inclusion probability
proa(t) as we increase A from zero to infinity. When A is zero, the £;-estimator
reduces to the unregularized conditional MLE: any variable t € V\r will al-
ways occur in the neighborhood estimate of node r, and p, x(t) will be equal
to one. As A increases, the inclusion probability in turn reduces, and at a very

large value of A, the inclusion probability p,; () will become equal to zero:
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this follows from the property of the ¢;-estimator, where there exists a large

regularization weight when the parameter estimate becomes equal to zero.

In the assumptions above, it can be seen that if Ay, (t) and Apax(t)
exist, then by definition, we must have Apuin(t) < Amax(f). Part (a) of the
assumption is a smoothness constraint that ensures that if the probability of
inclusion or exclusion of a variable into a neighbourhood gets close to 1, then
it stays close to 1, and does not vary wildly. Part (b) ensures that ranges of
[Amin (t); Amax(t)] intersect at least for all irrelevant variables ¢ ¢ N*(r). This
is a very mild assumption that ensures that the inclusion probability of an
irrelevant variable does not stay exactly at one as we increase A\, and reduces
at least very slightly (below the threshold of 1 — 2 exp(—clogp)) before other
irrelevant variables have their inclusion probability drop from one all the way
to zero. Part (c) is a closely related mild assumption that ensures that the
probability of inclusion of atleast one irrelevant variable would have dropped by
a small value from 1 before any other variable has its inclusion probability drop
from one all the way to zero. We note that these mild technical assumptions

on the inclusion probabilities always hold in our empirical observations.

19



0.35¢ 1 0.35 1
o 03f » 03
2 2
i 18 0.25
= =
5 1z 02
c c
0 o
Q 18 0.15
£ £
> >
@ 19 01
0.05
0 : : : bt 0 KK e kHOA AR
0 0.1 0.2 0.3 0.4 0.5 0.6 0 0.1 0.2 0.3 0.4 0.5 0.6
Regularization Parameter Regularization Parameter
(a) M,.p for a hub node (degree = (b) M, for a mnon-hub node
19) (degree = 1)

Figure 2.1: Behaviour of M, ;, for non-hub nodes and hub-nodes in a star
graph on p = 100 nodes.

Armed with these assumptions, we now analyze the behavior of our
sufficiency measure M,.;, . Our next proposition shows that there exists atleast
one “bump” in the graph of the sufficiency measure against the regularization

penalty A.

Proposition 2.2 (“First Bump”). Suppose Assumption 2.1 holds with con-

stant ¢ > 0. Let

v = 2exp(—clogp) (1 — 2exp(—clogp)) . (2.19)

For any node r € V', let \y = inf {\ > 0: M, >~} be the smallest reqular-
1zation penalty where the sufficiency measure is greater than a small threshold
above zero, and A\, = inf {A > X\, : M, , x < 7} be the next value of the reqular-

wzation penalty where the sufficiency measure falls below that threshold. Then,
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(a) the infima above are attained at finite values, and (b) for any k € (v, 1/4],
B NS ()\l,/\u) S.t. Mr,b,A > k.

Our next two propositions track the behavior of the /;-estimate ﬁ@ A(r; D)
after the first bump outlined above. The very next proposition provides the

behavior for “non-hub” nodes.

Proposition 2.3 (Behavior at A, for “non-hub nodes”). Let r € V be a “non-
hub node” w.r.t. b samples, and constants for all conditions of Theorem 2.1
being c1, o, 3, c4. Let Assumption 2.1 hold for a constant ¢ > 1 with ¢ < cicy,
and let A\, be as defined in Proposition 2.2. Then, ﬂb,,\u (r; D) recovers the

neighborhood with high probability:

sub

P (N3,y(r) € No, (13 D) € N'(r))

>1—2exp(—(c—1)logp),

where Nt (1) = {t € N*(r) ‘ 0%, > 03\/3)\}.

The proposition thus tells us that for “non-hub nodes”, after the first
bump when the value of M, ; » becomes very close to zero, the ¢;-estimator

recovers N* , (r) w.h.p. (as also indicated by Theorem 2.1). Note that when

sub
increasing A further, there would be further bump(s): the value of M, » would
rise, but would again drop back to zero: when A is very large, the neighborhood
estimate is null, so that the probability for any node to be in the neighborhood

will be exactly zero; so that the sufficiency measure will be equal to zero.

Figure 2.1b demonstrates this behavior in a simulated dataset.
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On the other hand, for “hub nodes”, the behavior of 5\\fb,,\(r;D) at

A = )\, defined in Proposition 2.2, is given by the following proposition.

Proposition 2.4 (Behavior at A, for “hub nodes”). Let r € V be a “hub
node” w.r.t. b samples. Also, let Assumption 2.1 hold with constant ¢ > 1.

Then if@ (13 D) excludes irrelevant variables with high-probability:

P (5\\&,7)\“(1”; D) C N*('r’)) >1—2exp(—(c—1)logp).

The proposition thus tells us that for “hub nodes”, after the first bump
when the value of M,y becomes very close to zero, irrelevant variables are
excluded, though however there is no guarantee on relevant variables being
included. Empirically in fact, the end of the first bump typically occurs at a
very large value of A when all variables are excluded; in particular, the graph
of M,.p \ against A typically has a single bump. Figure 2.1a demonstrates this

behavior in a simulated dataset.

Propositions 2.3 and 2.4 thus motivate using the behaviors of the suffi-
ciency measure as outlined above to distinguish hub nodes and non-hub nodes;
and then compute the graph estimate using the neighborhood estimates from

the non-hubs alone. This natural procedure is described in Algorithm 2.2.

The following theorem is a natural corollary of Theorem 2.1, and Propo-
sitions 2.3 and 2.4. Note that in the below, we assume that the true parameter

set 0* satisfies the incoherence conditions, (A1) and (A2), for all nodes r € V;
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Algorithm 2.2 Algorithm to compute neighborhood estimate 5\\f(7‘), for each

node r € V, and the overall edge estimate E

Input : Data D := {z®, ... 20} | Regularization parameters A :=
{A1,...,As} , Sub-sample size b, No. of sub-samples N, Thresholds

on sufficiency measure & and t,, Noder e V
Output: An estimate N(r) of the neighborhood for each r € V| and the

overall edge estimate E

foreach » € V do

v\ e A, Compute JT/ET,b,,\(
A < Smallest A € A s.t.
A—{AeA:A> N}
Ao < Smallest A\ € A s.t. JT/[,«J,,,\(D) <1

N(r) 4= {t o (t: D) > =10

Be U{(r,t)|t € N(r)}

reV

using Algorithm 2.1

D)
Mr,b’,\(D) >t

and that Assumption 2.1 holds Vr € V, with an appropriate constant ¢ > 2,

satisfying conditions of Proposition 2.3 for “non-hub nodes”.

Theorem 2.2 (Guarantee for the estimator of Algorithm 2.2). Suppose we run
Algorithm 2.2 setting t; = 2 exp(—clogp)(1—2exp(—clogp))+e, t, = 1/4—¢,
the sub-sample size b = f(n) (with \/n < f(n) < n/2), and number of sub-

samples N > [n/f(n)], such that

n > 18f(n) [logp + log (4/68)] /€. (2.20)

For any degree-value d € {1,...,p} and constant ¢’ > 0, denote

min(d(s), d(t)) < d, |0%,] > c”\/‘“j’lgp} (2.21)

where d(v) corresponds to the degree of verter v in E*. Then, there ezist

E; = {(S,t) e E*

23



constants c,c, ", ", such that if the sub-sample size scales as
f(n) > dd*logp, (2.22)
then the graph structure estimate E of Algorithm 2.2 satisfies:

P (Ed CEC E*) >1—2exp(—c"logp) — 4. (2.23)

Now, let us define the critical degree, d., of a graph G* = (V, E*), as
the minimum degree such that neighborhoods of vertices with at most the said

degree cover the whole graph, i.e.

d.=min d
(2.24)
s.t. V(s,t) € B, either d(s) < d or d(t) < d.

The following corollary then gives the sample complexity for exact re-

covery of the graph, assuming that the edges have sufficient weight.

Corollary 2.2. Let the conditions of Theorem 2.2 be satisfied, with b = f(n)
as the sub-sample size. Let d. be the critical degree of the graph G*. Then

there exist constants ¢, c’, " s.t. if the sub-sample size scales as
f(n) > dd®logp, (2.25)
and |0%| > ¢’ %V(s,t,) € E*, then
P (E - E) > 1 - 2exp(—c" logp), (2.26)

where E is the graph structure estimate from Algorithm 2.2.

24



Note that we may choose f(n) = ¢'n'~”, for some value of p € (0,0.5],
as the sub-sample size. The choice of p would be governed by d. for the graph
under consideration. For example, if d. is a constant (e.g. d. = 1 in a star
graph), then the optimal choice of p would be 0.5, yielding a overall sample

complexity of Q ((logp)?).

2.4 Experiments

In this section, we present experimental results demonstrating that our

algorithm does indeed succeed in recovering graphs with a few hubs.

2.4.1 Synthetic Data

We first performed structure learning experiments on simulated data

using 3 types of graphs:

(a) a collection of stars with p = 100 nodes involving 5 hub nodes with

degree d = 19, each connected to 19 other degree d = 1 nodes.

(b) a grid graph with 81 nodes (9 x 9), with 2 additional high degree hub-
nodes of degree d = 12 (so that p = 83) attached to random points in
the grid.

(c) a power-law graph on p = 100 nodes generated using the preferential

attachment scheme [6].

For each graph, we considered a pairwise Ising model with edge weight 07, =

w

() for some w > 0, and where d, and d; were the degrees of r and ¢
XAy, t)
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respectively. For each such Ising model, we generated n i.i.d. samples D =

{2M ... 2} using Gibbs sampling.
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Figure 2.2: Plots of Average Hamming Error vs Number of Samples

In all our experiments, for our algorithm (denoted as SL1 in our plots),
the value of N, the number of times to subsample, was fixed to 60. We
set lower and upper thresholds on the sufficiency measure as t; = 0.1 and

t, = 0.2. The number of subsamples was set to b = min (20\/5, g) and the set
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of regularization parameters was taken as A = {0.005,0.01,0.015,...,1}. We
performed comparisons with the ¢;-estimator [49] (denoted as L1 in our plots)
and the reweighted ¢;-estimator for scale-free graphs [38] (denoted as RWL1
in our plots). For both these methods, the best regularization parameter
was chosen using the Bayesian information criterion (BIC) from the grid of
regularization parameters A. Figure 2.2 shows plots of the Average Hamming
Error (i.e. average number of mismatches from the true graph) with varying
number of samples for our method and the baselines, computed over an average
of 10 trials. Since our estimate uses subsamples to compute its sufficiency
measure, when the number of samples is extremely low, the deviation of the
sample sufficiency measure estimate from the population sufficiency measure
becomes large enough so that the resulting mistakes made by our method in
designating hubs and non-hubs increase its overall Hamming error. We note
however that at such extremely low number of samples, it can be seen that
the overall Hamming error of any estimator is quite high, so that none of the
estimators provide useful graph estimates in any case. It can be seen that other
than at such extremely few samples, we achieve much lower Hamming error
than both L1 and RWL1, and which is particularly pronounced for scale-free

graphs such as those provided by the preferential attachment model.
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2.4.2 Real Data
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Figure 2.3: Graphs obtained using US Senate voting records data from the
109th congress [5]

We ran our algorithm on a data set consisting of US senate voting
records data from the 109th congress (2004 - 2006) [5]. It consists of 100
nodes (p = 100), corresponding to 100 senators. There are 542 samples, each
representing a bill that was put to vote. For each (senator, bill) pair, the vote
is recorded as either a 1 (representing a yes), a —1 (representing a no) or a 0
(representing a missed vote). For the purpose of the experiment, all 0 entries

were replaced by —1, as also done in [5].
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Our algorithm was run with the parameters N = 60,¢, = 0.1,¢, =
0.2,b = 450 and A = {0.005,0.01,0.015,...,1}. Figure 2.3b shows the graph
obtained using our method, whiles Figure 2.3a shows the graph obtained by
running the ¢;-estimator [49] with the regularization parameter being chosen
using the Bayesian Information Criterion (BIC) from the set of regularization

parameters A.

We see that the graph obtained using the /i-estimator with BIC is
much denser than what we obtain. This also corroborates the observation
of [37], that BIC leads to larger density in high dimensions. A few of the
nodes in the graph using our algorithm are seen to have 0 degree, and are thus
disconnected from the graph. This might be because these might be higher
degree “hub” nodes, but for which the number of samples is not sufficient
enough to provide a reliable estimate of the neighbourhoods vis-a-vis their
degree. Overall, the sparse graph we obtained using our reliability indicator
based method suggests the need for such reliability indicators to prevent the

inclusion of spurious edge-associations.
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Chapter 3

Kernel Ridge Regression via Partitioning?

3.1 Introduction

Kernel methods find wide and varied applicability in machine learning.
One such application of kernels is the problem of Kernel Ridge Regression
(KRR). Given covariate-response pairs (z,y), the goal is to compute a kernel-
based function f such that f(x) approximates y well on average. In this
regard, several learning methods with different kernel classes have been shown
to achieve good predictive performance. Despite their good generalization,
kernel methods suffer from a computational drawback if the number of samples
n is large — which is more so the case in modern settings. They require at
least a computational cost of O(n?), which is the time required to compute the
kernel matrix, and O(n?) time when the kernel matrix also has to be inverted,

which is the case for KRR.

Several approaches have been proposed to mitigate this, including Nystrom
approximations [2, 4, 51|, approximations via random features [15, 45, 46, 63],

and others [48, 62]. While these approaches help computationally, they typi-

2This chapter is based on [59]. The author of this work was the first author and primary
contributor to [59].
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cally incur an error over-and-above the error incurred by a KRR estimate on
the entire data. Another class of approaches that may not incur such an error
are based on what we loosely characterize as divide-and-conquer approaches,
wherein the data points are divided into smaller sets, and estimators trained on
the divisions. These approaches may further be categorized into three main
classes: division by uniform splitting [67], division by clustering [24, 28] or
division by partitioning [23]. The latter may also include local learning ap-
proaches, which are based on estimates using training points near a test point
[8, 25, 52, 65]. Given this considerable line of work, there is now an understand-
ing that these divide-and-conquer approaches provide computational benefits,
and yet have statistical performance that is either asymptotically equivalent,
or at most slightly worse than that of the whole KRR estimator. Please see
[23, 28, 67] and references therein for results reflecting this understanding for
uniform splitting, clustering and partitioning respectively. However, these re-
sults have restrictive assumptions, applicability or other limitations, such as
requiring the covariates/responses to be bounded [23], or only being applicable
to specific kernels e.g. Gaussian [23] or linear [24], or only being targeted to
classification [24, 28], or providing error rates only on the training error [28].
Moreover, approaches based on uniform splitting, such as [67], can suffer from

worse approzimation error, as alluded to shortly.

In this work, we consider a partitioning based divide-and-conquer ap-
proach to kernel ridge regression. We provide a refined analysis, applicable

to general kernels, which leads us to this surprising conclusion: the partition-
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ing based approach not only has computational benefits outlined in previous
papers, but also has strong statistical benefits when compared to the whole
KRR estimator. In other words, based on both a statistical and computa-
tional viewpoint, we are able to recommend the use of the partitioning based

approach over the whole KRR approach.

The partitioning based approach is: Given n sample points, we divide
them into m groups based on a fixed disjoint partitioning of input space X that
the samples are drawn from. One way to obtain this partition is via clustering,
however, in principle, any partition that satisfies certain assumptions (detailed
in Section 3.4.1) would be acceptable. Once the samples have been divided,
we learn a kernel ridge regression estimate for each partition using only its
own samples. The conquering step i.e. computing the overall estimator, fc,
is then simple: Each individual estimator is applied to its respective partition.
Thus, to perform prediction for a new point, we simply identify its partition,
and use the estimator for that partition. Now, partitioning has a clear com-
putational advantage since each estimate is trained over only a fraction of the
points. Moreover, partitioning may provide statistical advantages as well if
there is an inherent approximation error in the problem 1.e., the true regressor
function, f*, lies outside the space of kernel-based functions. In this case, the
KRR estimator on the whole data, say fwhoze, or the KRR estimator based on
uniform splitting, say favg, both may be viewed as estimating the best single
kernel-based function that approximates f*. However, if we partition, then we

are estimating the best m-piece-wise kernel-based function to approximate f*.
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Indeed, we can show that the approximation error for fc is lesser than favg,
and corroborate this experimentally. The residual error terms on the other
hand are typically of the same order, so that the overall generalization error
for our method is lower. In addition, there is yet another potential compu-
tational advantage of partitioning: prediction is faster since for a new point,
the kernel values must be computed w.r.t. only a fraction of the points (as

opposed to all the points for fwhoze or favg).

3.1.1 Related Work

We briefly review some of the earlier mentioned work that provide the-
oretical analyses of divide and conquer approaches, based on uniform split-
ting, and partitioning. [67] analyze the uniform splitting approach where the
samples are split uniformly at random, followed by an averaging of the KRR
estimate of each split. The authors have derived generalization rates for this
estimator, and matched optimal rates as long as the number of splits is not
large, and the true function f* lies in the specified space of kernel-based func-
tions. However, as mentioned previously, such an estimator can have worse
approximation error than our estimator, fc, when the true function, f*, lies
outside the space of kernel-based functions. [23] analyze a partition based
approach as in this work: their estimator works by partitioning the input
space, and predicting using KRR/SVM estimates over each partition individ-
ually. For this estimator, [23] derive generalization rates when using Gaussian

kernels, and under additional restrictions: they require bounded covariates,
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|z|| < B, bounded response, |y| < M, and that each partition be bounded
by a ball of suitable radius, R.> Given these restrictions, they show suitable
choices for R and the Gaussian kernel scale v which yield optimal rates when
the true function f* lies in a smooth Sobolev/Besov space. In contrast, we
provide a more general analysis that does not enforce a bound on the covari-
ates, response, or the size of the partition. Moreover, we are able to apply it
to kernels other than the Gaussian kernel, and achieve minimax optimal rates
when the true function, f*, lies in the space of kernel-based functions. When
it doesn’t, we provide an oracle inequality similar to [23], which could then
be specialized to obtain similar rates for their specific setting. More impor-
tantly, our analysis is also able to show that in general, the approximation
component of this inequality is lesser than the approximation component of
the whole KRR estimator, while the residual components can be of the same

order.

From a theoretical standpoint, the generalization error for KRR has
been studied extensively — an incomplete list includes [10, 14, 22, 29, 54,
56, 66]. We shall not delve into a comparison among these, but instead refer
the interested reader to [29, Section 2.5], [22, Section 3], for more details. Of
relevance to our analysis is the approach in [29], wherein the generalization
error is broken down into contributions of regularization, bias and variance,

and each of these is bounded separately. We adopt a similar strategy to control

!One way of obtaining such partitions, as suggested by the authors, is through the
Voronoi partitioning of the input space.
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the expected error of our estimator, fg.

The rest of this chapter is organized as follows. Section 3.2 sets up no-
tation and introduces the problem. Section 3.3 details our DC-estimator fc.
Section 3.4 presents bounds on its generalization error. Section 3.5 instan-
tiates these bounds for two kernel classes, and discusses the approximation
component of fC. Finally, Section 3.6 provides empirical performance results.

All proofs are can be found in Appendix C.

3.2 Notation and Preliminaries

Reproducing Kernel Hilbert Spaces. Consider any set X, typically
the space of the input data. A function K : X x X — R, is called a kernel
function if it is continuous, symmetric, and positive definite. With any kernel
function K, one can associate a unique Hilbert space called the Reproducing
Kernel Hilbert Space of K (abbreviated as RKHS henceforth). For x € X,
let ¢, : X — R be the function ¢,(:) := K(x,-). Then, the unique RKHS
corresponding to kernel K, denoted as H, is a Hilbert space of functions from

X to R defined as: H := span{¢,}

Thus, any f € 3 has the representation f =3, a;¢,; = > a; K(x;, )
with a; € R, Vj. The inner product on H is given as: (3, aju;, D g Bx@ay )30 =

> 2k @Be K (25, 21). The inner product also induces a norm on H, given as:

1fllsc = /(. F)g, for any f e 3.

Kernel Ridge Regression. We are given a training set of n i.i.d.
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samples, D = {z;,y;}7,. z (and x;), also called the covariate, is a random
variable in the input space X with distribution P. y (and 7;) is a random
variable in the output space Y, also called the response. We consider Y C R

and assume an additive noise model for relating the response to the covariate:

y:f*(:c)—l—n, (31)

where 7 is the random noise variable, and f* : X — R is an unknown function.
The goal of regression is to compute the function (or an approximation to) f*.
We also assume that the noise has zero mean and bounded variance, E [n|x] = 0
and E [n?|x] < 02, and that f* is square integreable with respect to the measure

on X i.e. f*€Ly(X,P):={f:X—R] ||f||2L2 =By [f(2)?] < oo}

A Kernel Ridge Regression (abridged as KRR) estimator approximates
f* by a function in the RKHS space H (corresponding to kernel K). We
require that the RKHS space H C Ly(X, P)?. The KRR estimate fr€ His

obtained by solving the optimization problem:
. R
fr=argmin — > (g — f(2:)* + M| fII5 (3.2)
fesc M
where A > 0 is the regularization penalty. This is tractable since, by the
representer theorem, we have the relation f,\ = > s, with a € R?

having the closed form expression: a = (G + nA\I) ™'y, where G € R™*" is the

kernel matrix, i.e. G;; = K(x;, ;) (4,7 € [n]).

2This means Vz, E,p[K(z,y)?] < co — which is always true for several kernel classes,
including Gaussian, Laplacian, or any trace class kernel w.r.t. P
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Generalization/Prediction Error. For any estimator f : X — R,
the generalization error quantifies closeness to f*, by measuring the average

prediction error. It is defined as:

En(f) =E |(f@) - £ @)] = | f - (33)

2
Lo
When the estimator is random, for example the KRR estimate f, in Eq. (3.2)
depends on random samples, we may quantify the average error over the ran-
domness i.e. bound Ep[Err(fy)], where the expectation is taken over the
samples D. We provide bounds on the quantity Ep[Err( f(;)], where fe is our

divide-and-conquer estimator (DC-estimator) described in Section 3.3.

Partition-specific notation. Since our estimator, fc, is based on
partitioning, we setup some notation here for partition-specific quantities that
play a role throughout the analysis. We say that the input space X has a
disjoint partition {Cy,...,C)} if: X = U2, C;, and C; N C; = {¢}Vi,j €
[m],i # j. Given data D = {(x1,y1), ..., (@n, yn)}, we define a partition-based
empirical covariance operator as: 3; = %2?:1(%], ® ¢g,;)1 (x5 € C;), where
1 (-) denotes the indicator function and ¢, ®¢, denotes the operator ¢, (¢, )4
We define its population counterpart as: ¥; = E[(¢, ® ¢,)1 (z € C;)]. Note
the relation: ¥ = Y ", %,;, where ¥ = E[¢, ® ¢,] is the overall covariance

operator.

We let {)\3-, vj }32, denote the collection of eigenvalue-eigenfunction pairs

for ¥;. For any A > 0, we define a spectral sum for ¥;, S;(A) = 3_; /\/\ﬁ Sim-

ilarly, letting {A;,v;}32; be the eigenvalue-eigenfunction pairs for the overall
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covariance ¥, the corresponding sum for X is defined as S(A) =, /\ji 5 The
quantity S(\) has appeared in previous work on KRR [29, 66, 67], and is called
the effective dimensionality of the kernel K (at scale A). Typically, it plays
the same role as dimension does in finite dimensional ridge regression. We

shall refer to the quantity S;(\) as the effective dimensionality of partition C;.

Finally, we let p; = P(z € C;) denote the probability mass of partition C;.

3.3 The DC-estimator: fc

When the number of samples n is large, solving Eq. (3.2) may be
computationally prohibitive, requiring O(n?) time in the worst case. A simple
strategy to tackle this is by dividing the samples D into disjoint partitions,
and computing an estimate separately for each partition. In this work, we
consider partitions of D which adhere to an underlying disjoint partition of
the input space X. Suppose that the input space X has a disjoint partition
{C4,...,Cy}. Note that m denotes the number of partitions. Also, suppose
that given any point x € X, we can find the partition it belongs to from the
set {C4,...,Cn}.

Now, we divide the data set D in agreement with this partitioning of
X i.e. wesplit D ={D;,..., Dy} with D; = {(z,y;) |z; € C;, 7 =1,...,n}.
Let |D;| = n;. Then, for any partition ¢ € [m], we compute a local estimator

using only the points in its partition:

for=argmin — S (g — )+ AN (3.4)

exn Ny
f * ji(zj,y;)€D;
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where A > 0 is the regularization penalty. Finally, the overall estimator, fo,

comprises of the local estimators applied to their corresponding partitions:
fo(x) = fir(z) if z € C; (3.5)

In practice, one can use a clustering algorithm to cluster the points in D, as

well as determine membership for new points z.

3.4 Generalization Error of f(;

In this section we quantify the error Ep [Err( fc)} , where fc is the DC-

A~

estimator from Eq. 3.5. First, we observe that Err(fc) can be decomposed as

a sum of errors of the local estimators, ﬁ A, on their corresponding partitions

C;, i € [m]. We have:

Brr(fo) =E |(f*(2) = fo@))?] = SB[/ (0) = fix@)?1 (@ € )| = > Brni( i)
i=1

i=1

(3.6)
where 1 () denotes the indicator function, and we have defined the partition-
wise error: Err;(fiy) := E[(f*(x) — fia(z))?1 (z € C;)]. By linearity of expec-
tation, Ep [Err(fc)] =" Ep [Errl(ﬁ,\)} Therefore, to obtain a bound
on Ep [Err(fg)} we need to bound Ep [Erri(ﬁ,\)], for every i € [m]. Now,

3

to control Ep [Erri( ﬁ ,\)], we bound it as a sum of intermediate error terms’,

and in turn bound these intermediate terms. For this purpose, we define the

3Similar to the usual bias-variance decomposition; or the decomposition in [29, 67]. In

contrast, loosely speaking, [23] analyze the error of fg by viewing it as a Standard KRR
with a new kernel K1(z,z") =Y 1" K(z,2")1 (z € C;) 1 (2’ € C;)
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following estimates (for each i € [m]):

For any A >0, f;x =argmin E [(y — f(2))*|z € C}] FXNFlE (3.7

Fest
fin = afjgefgf{lin Elly—f@)leeC]+Alfllz  (38)
fir =Ep|[fin] (3.9)

fix and f;\ are the optimal population KRR estimates for partition C;, with
regularization penalties A and A respectively. ﬁ,\ is the expected value of
the empirical KRR estimate from Eq. (3.4), with the expectation taken over
the samples D. Note that there is no source of randomness in all of the
above quantities, whereas f,  is a random quantity due to its dependence on
the random samples D. Now, based on the above estimates, we define the

following error terms:

Definition 2. For any A > 0 and X € [0, )], we define

Approximation Error : Approz;(\) = E [(f*(z) — fix(@)*1 (z € Cy))
(3.10)

Regularization Error : Reg,(\,\) =E [(fix(@) = fia(2)*1 (z € Cy)]
(3.11)

Bias : Biasi(\,n) =E [(fix(z) — fia(2))*1 (z € C;)]
(3.12)

Variance : Vary(\, D) = E [( Fr(@) — fia(@)?1 (z € 02-)]
(3.13)
The intent of f;5 is to correspond to the best kernel function that
approximates f* in the partition C;. X may be viewed as a small regularization

penalty that trades-off the approximation error, Approx; (), to H szH ” (which
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influences other terms in Definition 2). Ideally, if the unknown function f*
lies in the RKHS space H, a choice of A = 0 would suffice. In this case,
we would have f,5 = fio = f* — implying zero approximation error i.e.

Approx;(A) = Approx;(0) = 0, and bounded || f; 5 |ls¢(= [|f*|l5). The following

lemma describes the decomposition of Ep [Erri( ﬁ ,\)} )

Lemma 3.1 (Error Decomposition). For each partition i € [m|, the error

Ep [Ern(ﬁ,\)} decomposes as (for any X € [0, \]):

Ep [Ern(ﬁ,\)} < 2 [Approz,(X) + 2Reg;(X, A) + 2Bias;(A\,n) + 2Ep [Var;(, D)]]
(3.14)

Thus, the overall error Ep [Err(fc)} decomposes as (for any X € [0, \]):

Ep | Brr(fo)] <2

Z Approz,(\) + 2 Z Reg;(\, \) + 2 Z Bias;(A,n) + 2 Z Ep [Var;(\, D))
i=1 i=1 i=1 =1

(3.15)

In the above decomposition we have considered the same choice of A
(and \) for all partitions, a similar decomposition would hold even if we were

to choose a different A (and \) for each partition.

To summarize, in Lemma 3.1, we have decomposed the overall error of
our estimator, Ep [Err( fc)] , as a sum of errors over each partition, which have
further been broken into four components: Approzimation, Regularization,
Bias and Variance. The rest of this section deals with bounding these terms.
First, we require certain assumptions on the partitions. These are provided
in Section 3.4.1. Then, Section 3.4.2 discusses the bounds on the component

terms, for any partition.
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3.4.1 Assumptions

In this section, we state three assumptions needed to bound the terms in
Lemma 3.1. It may be useful at this point to recall partition-specific definitions
from Section 3.2. We also remark that two of our assumptions are fairly
standard (Assumption 3.1 and Assumption 3.2), and analogous versions have
appeared before [23, 29, 67]. The last assumption, Assumption 3.3, is novel.
However, we have validated it extensively on both real and synthetic data sets

(see Section 3.6).

Now, our first assumption concerns the existence of higher-order mo-

ments of the eigenfunctions, v;

7 7
50 Vs

Assumption 3.1 (Eigenfunction moments). Let {\},v}}32, denote the eigenvalue-
eigenfunction pairs for the covariance operator ¥;. Then, Yi € [m], Vj s.t.

i i i\2k
A; # 0, and for some constant k > 2, we assume E [(vj(ac)zﬂ (z € Ci) /X)) ] <

a¥, where a, is a constant.

Assumption 3.1 requires sufficiently many higher moments of (v; (2)*1 (z € Cy)/ /\;)
to exist. This assumption may also be interpreted as requiring partition-wise
sub-Gaussian behaviour (up to 2k moments) in the RKHS space, given its
primary application to the bounds (see Appendix B.2 for more details). Note
that this assumption is similar to [67, Assumption A], but applied to each

partition.

Our next assumption concerns the approximation variable (f*(x) —

fiz(z)), requiring its fourth moment to be bounded.
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Assumption 3.2 (Finite Approximation). Vi € [m], and any X\ > 0, we as-
sume there exists a constant A;(X) > 0 such that E [(f*(z) — fix(@) |z e Ci] <

A;(N)*, where fix 1s the solution of the optimization problem in Eq. 3.7.

While the above assumption is stated for any \, we really only care
about the actual X used in Eq. 3.14. For example, if f* € H, then as noted
earlier, a choice of A = 0 suffices — and in this case, Assumption 3.2 trivially

holds with A4;(A) =0 at A\ = 0, since Lix=["at A =0.

Our final assumption enforces that the sum of effective dimensionality
over all the partitions be bounded in terms of the overall effective dimen-

sionality. We define the goodness measure of a partition {C},...,C,,} as:

L Si(Ap
g(A) = 2imy Si(Api)

S0y Now, we have the following assumption.

Assumption 3.3 (Goodness of Partition). Let A > 0 be the regularization

penalty in Eq. (3.4), for any i € [m]. Then, we require: g(A) = O(1).

In Section 3.5, we show that if we have g(\) = O(1) for a A decaying
suitably in terms of n, the DC-estimator can achieve optimal minimax rates.
In other words, if the partitioning preserves the overall effective dimensional-
ity, then there is no loss in the generalization error. We validate the above
assumption (at suitable \) by estimating g(\) on real and synthetic data sets
(see Section 3.6). g(A) may be viewed as a surrogate for the suitability of a

partition for the DC-estimator, and can help guide the choice of partition.
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3.4.2 Bounds on Reg,, Bias; and Var;

We can now provide bounds on the terms Reg; (), \), Bias;(A, n), Ep [Var;(\, D)],
occurring in Lemma 3.1, for any partition i € [m]. In the interest of space, we
refer the reader to Lemma B.1 in Appendix B, as well as the discussion there.
In the next section, we use the bounds derived in these Lemmas to obtain

overall generalization rates for specific kernels.

3.5 Bounds under Specific Cases

In this section, using the bounds on regularization, bias and wvariance
(stated in Lemma B.1), we instantiate the overall error bounds for two different
kernel classes. We do this under the assumption that f* € H. When f* ¢ 3,
we provide an oracle inequality for the error term and contrast this with a
similar inequality derived in [67]. Throughout this section, we assume that

the conditions of Lemma B.1.

3.5.1 f* € H — Zero approximation error

As mentioned earlier, in this case a choice of A = 0 suffices. With A = 0,
we have f;5 = f* (from Eq. (3.7)). Thus, Approx;(A) = 0 at A = 0. Also,
Assumption 3.2 trivially holds with A;(A) = 0 at A = 0. Now, we provide
overall generalization bounds for two kernel classes. We consider kernels with
a finite rank — examples include the linear and polynomial kernels, and we
consider kernels with exponentially decaying eigenvalues — an example here is

the Gaussian kernel. An additional result for kernels with polynomial decaying
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eigenvalues — of which sobolev kernels are an example — can be found in
Appendix B.3.

Theorem 3.1 (Finite Rank Kernels). Let f* € H and suppose kernel K has
a ﬁn}'te rank r. Let m denote the number of partitions. Then, the overall error

for fo 1s:

P 5 0 r2logr k/2 5 0
b [Br(e)] =0 (A7 I+ Zas) +m (D) (17 + )
(3.16)

Now, if m = O (, / %) and Assumption 3.3 holds at A = r/n, then fc
achieves the optimal rate: Ep [Err(fc)] =0 (r/n) at A =r/n.

Theorem 3.2 (Kernels with exponential eigenvalue decay). Let f* € H and
suppose kernel K has eigenvalues that decay as: \; < c¢1 exp(—cqj?) (Y4, and
constants c1,co > 0). Let m denote the number of partitions. Then, the overall

error for fo is:

Ep [Err(fc)} = O()\ Hf*||g{ + U:g()\)s()\) +m <10gn(1(;g10gm>k/2 <|f*||g{ I U;) )
(3.17)

Now, if m = 0O ( L) and Assumption 3.3 holds at A = 1/n, then

(lognloglogn)k

fe achieves the optimal rate: Ep [Err(fc)] =0 (Vlogn/n) at A =1/n.

Note that the requirement of an upper-limit on m in the above theorems
is only meaningful for a sufficiently large k, in particular k£ > 4. In other words,
we would need at least 4 moments of the quantity in Assumption 3.1 to exist.
If this is true, and if Assumption 3.3 holds, then Theorem 3.1 and Theorem 3.2
guarantee the rates Ep [Err(fc)] = O (r/n)and Ep [Err(fc)] = O(y/logn/n)

— both of which are minimax optimal in their respective settings [47, 67].
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3.5.2 f*¢ H — With approximation error

When f* ¢ H, we may not have Approx;(A) = 0 for any X > 0. At
A = 0, though we will always have Approx;(\) = 0, fix may not be bounded
(in other words, no element in H would achieve this approximation). One
case where we still have Approx;(\) = 0 at A = 0, while having fix to be
bounded, is if f* is a piece-wise kernel function over our chosen partitions
ie. f*(x) = fi(x) if x € C;, with f* € H. The bounds here would then
be analogous to the previous section. In general, however, without enforcing
further assumptions on f*, it is hard to give meaningful bounds on Approx;(-).
While we can still proceed to obtain expressions for the reqularization, bias and
variance terms for Ep [Err( fc)] , in this scenario it may be more instructive to
compare our bounds with the bounds for the averaging estimator in [67]. Let
us denote this estimator as favg. To compute favg, the n samples are randomly
split into m groups, and favg is simply the average of the KRR estimates over

all groups. In this case, we have from [67] (for any A € [0, \]):
Ep [Em ﬁwg)] < 2 (Approx(X) + &(n, m, A, X)) (3.18)

where Approx() corresponds to the overall approximation error and & (R, n, m, \)

is the residual error. In particular, Approx(\) = E[(f*(z) — fx(z))?] with fx

being the overall population KRR estimate:

5= ar}%gfgf{linE [(f*(2) = F(2))°] + X1 f 15 (3.19)

n

Also, [67] establish the scaling: &(N,m, \,\) = O ()\ fol\i + &)
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In contrast, for our DC-estimator, with a (potentially) different ); for

each i € [m], we get (similar to Eq. (3.15)):
Ep [Err(fc)} <2 (Z Approx; (\;) + Ec) (3.20)
i=1

where welet &c = 2 (37" Reg, (i, A) + 3o, Bias; (A, n) + Y1 | Ep [Var;(A, D))).

Before comparing Eq. 3.18 with Eq. 3.20, we require an additional
definition. For any partition C;, ¢ € [m], let us define: ApproxError;(fy) =
E[(f*(z) — fx(x))*1 (z € C})], i.e. the error incurred by the global estimate
fx (Eq. (3.19)) in the i partition. Note that, >..", ApproxError;(f5) =
Approx()). To avoid confusion, we emphasize the distinction between ApproxError;( f5)
and Approx;(A;) (from Definition 2). While the former is the local error (in
the " partition) incurred by the solution of a global KRR problem with reg-
ularization \, the latter is the local error incurred by the solution of a local

KRR problem with regularization \; (as defined in Eq (3.10)).

We now have the following theorem:

Theorem 3.3. Consider any A > 0. Let fx be the solution of Eq. (3.19).
Then, 31, ..., A with X; € [0,)],i € [m], such that,

B . ApprozError;( fx)
. =0 (ann% + \/ S )
(3.21)

|fivxi

Approz;(\;) < ApproxError,(f5) and,

Thus: >t Approz;(N;) < Approx(N). Moreover, if Approz(\) = O (X HfX”:QH);
and Assumption 3.1 holds, Assumption 3.2 holds (VYX;) and Assumption 3.3
holds then: &c = O (A I f5ls + _UQSu))

n
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The above theorem shows that the approximation error term in
each partition of our estimator in Ep [Err( fc)] is lower than its counterpart
in Ep [Err( favg)] . Consequently, the overall approximation term is also lower.
On the other hand, under suitable restrictions, the residual estimation error
terms can be of the same order. Intuitively, this makes sense since by parti-
tioning the space, we are fitting piece-wise kernel functions, as opposed to just
a single kernel function in the averaging case. We demonstrate this through

experiments in the next section.

3.6 Experiments

= original data points
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(a) Piece-wise constant  (b) Piece-wise Gaussian (c) Sine function

Figure 3.1: Plots of functions obtained via Whole-KRR and DC-KRR (with 3
partitions)

In this section, we present experimental results of our proposed method
on both real and toy data sets. For comparison, we tested our DC-estimator
(DC-KRR) against the random splitting approach of [67](Random-KRR), and

Kernel Ridge Regression on the entire training set (Whole-KRR).

Toy Data sets: We performed experiments on 3 toy data sets in
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Figure 3.2: Plots of Test RMSE vs. Number of partitions on Three Toy data
sets

Table 3.1: Data set statistics for real data sets used in our experiments. v was
chosen using cross-validation on the entire data set, or a sub-sample of size

10,000 for larger data sets.

Data set | # training samples | # testing samples | # features y
house 404 102 13| 1074

air 1,202 301 511073

cpusmall 6,553 1,639 12 | 107!
Pole 12,000 3,000 26 1

CT Slice 42,800 10,700 385 | 1072
Road 347,899 86,974 3| 0.1

Fig 3.1. In each case, the covariate x was generated from a mixture of 3

Gaussians: @ ~ $N(u1,0) + $N(u2,0) + sN(us, 0).

For the first two toy

examples, (pu; = 0.5, 49 = 1.5, u3 = 2.5) and o = 0.2, and for the third one,
(1 = /2, g = 37/2, u3 = 3w) and o = 1. The response y is y = f*(x) + 7,
for different choices of f*, and with n ~ N(0,0.05). For each data set, we

generated a training set of size 600, and a test set of size 100.

We chose f* as: (i) a piece-wise constant function, f*(z) = 1(x < 1)+
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Figure 3.3: Test error vs. training size on real data. m is the number of
partitions, and DC-KRR uses k-means clustering. n is the number of training
data points, and d is their dimension

15 x1(l<z<2)+2x1(x>2),in Fig 3.1a, (ii) a piece-wise Gaussian
kernel function, f*(z) = exp(—v(z —0.5)?) x 1 (z < 1) + exp(—v(z — 1.5)?) X
1(1<z<2)+exp(—y(r—2.5)%) x 1 (x> 2), with v =0.1, in Fig 3.1b, and
(7i1) a sine function, f*(x) = sin(z), in Fig 3.1c. To obtain KRR estimate, we
used a Gaussian kernel (K (z,y) = exp(—v(z — y)?)) with v = 0.1 for the first
two toy data sets, and degree 2 polynomial kernel (K (z,y) = (1 + zy)?) for
the third one. When running DC-KRR, we obtained the partition of the data
points using k-means. A regularization penalty of A = 1/n was used, where

n = Total number of training points.
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Fig 3.1 shows a comparison of the functions obtained using DC-KRR
(run with 3 partitions) and Whole-KRR. We see that DC-KRR could approx-
imate the true underlying function better than Whole-KRR, while still being
computationally more efficient. For Fig 3.2, we varied the number of partitions,
and plotted the Test-RMSE for DC-KRR, Whole-KRR and Random-KRR on
toy data sets. We observe that while Random-KRR had a similar performance
to Whole-KRR, DC-KRR achieved lower error than both. This is due to the

lower approximation error of piece-wise estimates.

Real Data sets: We performed experiments on 6 real data sets from
the UCI repository [36]. Data sets statistics are presented in Table 3.1. The
data was normalized to have standard deviation 1. In all cases, we utilized
a Gaussian kernel with kernel parameter v chosen using cross-validation, as
shown in Table 3.1. We varied the number of partitions, m, and the number
of training points, n. When running DC-KRR, the partitions were determined
using clustering, and we tested with k-means and Kernel k-means. Kernel

k-means was run on a sub-sampled set of points for larger data sets. The

ratio
ratio
ratio

-=-kmeans
—>-kernel kmeans

-a-kmeans
—>-kernel kmeans

-=-kmeans
—-kernel kmeans

3 35 a as B 55 € 2 25 3 35 ] as s 55 g 2 25 3 35 a as s
number of partitions number of partitions number of partitions

(a) Piece-wise constant  (b) Piece-wise Gaussian (c) Sine

Figure 3.4: Plots of g(A) vs. Number of partitions on synthetic data sets
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regularization penalty for KRR was chosen as A = 1/n. The results of these

experiments are presented in Table 3.2 and Fig 3.3.

In all cases, DC-KRR achieved lower test error than Random-KRR,
while being comparable to Whole-KRR. Moreover, the training time for DC-
KRR, when running via k-means, was similar to Random-KRR, (due to the
small overhead of clustering), but much faster than Whole-KRR. Interestingly,
in two cases (Fig 3.3a and Fig3.3b), we found that DC-KRR also achieved lower
test error than Whole-KRR. This may be a consequence of lower approxima-

tion error due to piece-wise estimates, as also alluded to earlier.

Testing Goodness of Partitioning: We also estimated g(\) (defined
for Assumption 3.3) vs. a varying number of partitions, on both our real and
toy data sets (shown in Fig 3.4 and Fig 3.5 respectively) to verify the validity

of Assumption 3.3.

To estimate S(A) and S;(Ap;), ¢ € [m] (which comprise g(\)), we used an
SVD to compute the eigenvalues of the kernel matrix on the training samples
(respectively, the kernel matrix of the training samples in partition i) and
normalized this with n, the training size (respectively, n;, the training size in
partition 7). In case of larger data sets, we did this on a sub-sampled version
of the data set. It is known that the eigenvalues of Kp/n, with Kp being the
kernel matrix on randomly sampled points D, converge to the eigenvalues of
the covariance in the associated RKHS [50]. Finally, we set A = 1/n, the same

as in our earlier experiments, with n = total training size/sub-sample size.
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Figure 3.5: Plots of g(\) vs. number of partitions on real data sets

On real data sets, we found that while g(\) increases as the number of
partitions increases, it continues to be a constant even for a large number of
partitions in several cases, thereby justifying Assumption 3.3. On synthetic
data sets, it seemed to grow at a somewhat faster rate. However, this could
be attributed to lesser clustering structure, since the true number of clusters

was only 3 — at which point g(A) is still a small constant.

Comparison with [23]: We also performed additional empirical com-
parisons between the approach in [23] (denoted as VP-KRR), DC-KRR (with
k-means and kernel k-means) and Random-KRR, on the cpusmall data set

(see Table 3.1). The main algorithmic difference between DC-KRR and VP-
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KRR is that the latter proposes to obtain bounded partitions using a Voronoi
partitioning of the input space, while in DC-KRR we use a clustering algo-
rithm to obtain the partitions. The results of our tests are shown in Table3.3.
We see that DC-KRR(with kernel k-means) is slightly better than VP-KRR
in terms of Test RMSE, but also DC-KRR requires much lesser training time
than VP-KRR. A reason for this is that Voronoi partitioning tends to produce
a very unbalanced clustering. For example, when using Voronoi partitioning
to generate 9 clusters, we found that the first cluster had 6484 data points
out of total 6553 data points in the dataset, and the remaining clusters had
very few data points. Consequently, the training time for the one cluster was

almost as huge as the time it would take to train Whole-KRR.
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Table 3.2: Test RMSE and Training Time on real data sets used in our ex-
periments. # partitions is only applicable to the Random-KRR and DC-KRR

columns.

Data set | # partitions Whole-KRR Random-KRR DC-KRR (kernel k-means) | DC-KRR(k-means)
Test RMSE | Time(s) | Test RMSE | Time(s) | Test RMSE Time(s) | Test RMSE | Time(s)
house 4 4.4822 0.08 4.5609 0.02 3.3849 0.18 3.8244 0.06
air 4.3537 2.46 4.6604 0.07 4.2577 0.79 4.4782 0.23
cpusmall 5.8853 | 118.98 7.1757 4.04 5.7947 30.86 6.4616 7.86
Pole 16 14.7256 | 1088.9 21.5768 6.15 15.0005 277.80 15.1167 11.88
CT Slice 32 2.1165 | 3840.7 10.0318 43.81 3.6100 405.38 2.4302 64.06
Road 256 - - 13.6444 43.48 11.0550 1081.3 8.6358 78.16

Table 3.3: Test RMSE and Training Times on cpusmall for VP-KRR([23]),
Random-KRR and DC-KRR(with k-means and kernel k-means). # parti-

tions is only applicable to the Random-KRR and DC-KRR columns.

For

VP-KRR([23]), we choose the radius for obtaining voronoi partitions, r, to be
« times the maximum distance between any two points in the data set, with
a chosen as 0.01, 0.04, 0.07 and 0.12. After we know the number of partitions
for a specific r, we generate the same number of partitions using k-means and
kernel k-means (for DC-KRR), and random partitioning (for Random-KRR).

# partitions 6 9 13 40
Test RMSE | Time(s) | Test RMSE | Time(s) | Test RMSE | Time(s) | Test RMSE | Time(s)
VP-KRR 5.8914 | 129.9600 5.8653 | 119.9500 6.1331 | 113.0400 6.3026 49.69
Random-KRR 6.6232 4.49 7.3143 2.2400 7.9986 1.2100 10.1980 | 0.2500
DC-KRR/(k-means) 6.4246 24.72 6.4610 8.6800 6.6415 4.1700 7.2206 | 0.9400
DC-KRR(kernel k-means) 5.7819 | 17.0900 5.8338 | 14.4700 5.8069 13.00 6.01 12.09
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Chapter 4

Gradient Coding: Avoiding stragglers in
distributed Synchronous Gradient Descent?

4.1 Introduction

In this chapter, we propose a novel coding theoretic framework for miti-
gating stragglers in distributed learning. The central idea can be seen through
the simple example of Figure 1: Consider synchronous Gradient Descent (GD)
on three workers (W;,Ws,W3). The baseline vanilla system is shown in the left
figure and operates as follows: The three workers have different partitions of
the labeled data stored locally (Di,Ds,D3) and all share the current model.
Worker 1 computes the gradient of the model on examples in partition Dy,
denoted by g;. Similarly, Workers 2 and 3 compute g, and g3. The three
gradient vectors are then communicated to a central node (called the mas-
ter /aggregator) A which computes the full gradient by summing these vectors
g1 + g2 + g3 and updates the model with a gradient step. The new model
is then sent to the workers and the system moves to the next round (where
the same examples or other labeled examples, say Dy4,Ds5,Dg, will be used in

the same way). The problem is that sometimes worker nodes can be strag-

3This chapter is based on [57]. The author of this work was the first author and primary
contributor to [57].
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(b) Gradient coding: The vector
g1 + g2 + g3 is in the span of any
two out of the vectors g1/2 + g2,
92 — g3 and g1/2 + g3.

(a) Naive synchronous gradient
descent

Figure 4.1: The idea of Gradient Coding.

glers [18, 27, 32] i.e. delay significantly in computing and communicating gra-
dient vectors to the master. This is especially pronounced for cheaper virtual
machines in the cloud. For example on t2.micro machines on Amazon EC2,
as can be seen in Figure 4.2: some machines can be 5x slower in computing

and communicating gradients compared to typical performance.

First, we discuss one way to resolve this problem if we replicate some
data across machines by considering the placement in Fig.1 (b) but without
coding. As can be seen, in Fig. 1 (b) each example is replicated two times
using a specific placement policy. Each worker is assigned to compute two
gradients on the two examples they have for this round. For example, W;
will compute vectors g; and g;. Now let’s assume that Wj is the straggler.

If we use control messages, Wi, W, can notify the master A that they are
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done. Subsequently, if feedback is used, the master can ask W; to send ¢y
and g, and W5 to send g3. These feedback control messages can be much
smaller than the actual gradient vectors but are still a system complication
that can cause delays. However, feedback makes it possible for a centralized
node to coordinate the workers, thereby avoiding stragglers. One can also
reduce network communication further by simply asking W; to send the sum
of two gradient vectors ¢; + g» instead of sending both. The master can
then create the global gradient on this batch by summing these two vectors.
Unfortunately, which linear combination must be sent depends on who is the
straggler: If W, was the straggler then W, should be sending g, and W3 sending

g1 + g3 so that their sum is the global gradient g; + g2 + ¢3.

In this work we show that feedback and coordination is not necessary:
every worker can send a single linear combination of gradient vectors without
knowing who the straggler will be. The main coding theoretic question we
investigate is how to design these linear combinations so that any two (or any
fixed number generally) contain the g; + g2 + g3 vector in their span. In our
example, in Fig. 4.1b, W; sends %gl +¢go, W5 sends go—g3 and W3 sends %gl—kgg.
The reader can verify that A can obtain the vector g; + g2 + g3 from any two
out of these three vectors. For instance, g1 + go + g3 = 2 (%gl + 92) — (92 — g3)-

We call this idea gradient coding.

We consider this problem in the general setting of n machines and any
s stragglers. We first establish a lower bound: to compute gradients on all

the data in the presence of any s stragglers, each partition must be replicated
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s+ 1 times across machines. We propose two placement and gradient coding
schemes that match this optimal s+ 1 replication factor. We further consider
a partial straggler setting, wherein we assume that a straggler can compute
gradients at a fraction of the speed of others, and show how our scheme can
be adapted to such scenarios. All proofs for this chapter can be found in

Appendix D.

We also compare our scheme with the popular ignoring the stragglers
approach [11]: simply doing a gradient step when most workers are done. We
see that while ignoring the stragglers is faster, this loses some data which can
hurt the generalization error. This can be especially pronounced in supervised
learning with unbalanced labels or heavily unbalanced features since a few

examples may contain critical, previously unseen information.

4.1.1 The Effects of Stragglers

In Figure 4.2, we show the average time required for 50 t2.micro Ama-
zon EC2 instances to communicate gradients to a single master machine (a
c3.8xlarge instance). We observe that a few worker machines incurred a
communication delay of up to 5x the typical behavior. Interestingly, through-
out the timescale of our experiments (a few hours), the straggling behavior

was consistent in the same machines.

We have also experimented extensively with other Amazon EC2 in-
stances: Our finding is that cheaper instance types have significantly higher

variability in performance. This is especially true for t2 type instance which
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Figure 4.2: Average communication times, measure over 100 rounds, for a
vector of dimension p = 500000 using n = 50 t2.micro worker machines (and
a c3.8xlarge master machine). Error bars indicate one standard deviation.

on AWS are described as having Burstable Performance. Fortunately, these

machines have very low cost.

The choices of the number and type of workers used in training big
models ultimately depends on total cost and time needed until deployment.
The main message of this work is that going for very low-cost instances and
using coding to mitigate stragglers, may be a sensible choice for some learning

problems.
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4.1.2 Related Work

The slow machine problem is the Achilles heel of many distributed
learning systems that run in modern cloud environments. Recognizing that,
some recent work has advocated asynchronous approaches [27, 32, 41] to learn-
ing. While asynchronous updates are a valid way to avoid slow machines, they
do give up many other desirable properties, including faster convergence rates,

amenability to analysis, and ease of reproducibility and debugging.

Attacking the straggling problem in synchronous machine learning al-
gorithms has surprisingly not received much attention in the literature. There
do exist general systems solutions such as speculative execution [64] but we
believe that approaches tailored to machine learning can be vastly more effi-
cient. In [11] the authors use synchronous minibatch SGD and request a small
number of additional worker machines so that they have an adequate mini-
batch size even when some machines are slow. However, this approach does
not handle well machines that are consistently slow and the data on those
machines might never participate in training. In [42] the authors describe an
approach for dealing with failed machines by approximating the loss function
in the failed partitions with a linear approximation at the last iterate before
they failed. Since the linear approximation is only valid at a small neigh-
borhood of the model parameters, this approach can only work if failed data

partitions are restored fairly quickly.

The work of [31] is the closest in spirit to our work, using coding the-

ory and treating stragglers as erasures in the transmission of the computed
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results. However, we focus on codes for recovering the batch gradient of any
loss function while [31] and the more recent work of [21] describe techniques
for mitigating stragglers in two different distributed applications: data shuf-
fling and matrix multiplication. We also mention [34], which investigates a
generalized view of the coding ideas in [31], showing that their solution is a
single operating point in a general scheme of trading off latency of computa-
tion to the load of communication. Further closely related work has shown
how coding can be used for distributed MapReduce, as well as a similar com-
munication and computation tradeoff [33, 35]. All these prior works develop
novel coding techniques, but do not code across gradient vectors in the way

we are proposing in our work.

4.2 Notation and Preliminaries

Given data D = {(z1,11), ..., (x4, ya4) }, with each tuple (z,y) € R xR,

several machine learning tasks aim to solve the following problem:

d
f* = arg minZE (85 iy y:) + AR(B) (4.1)

perRr =3
where £(-) is a task-specific loss function, and R(:) is a regularization func-
tion. Typically, this optimization problem can be solved using gradient-based
approaches. Let g := Zle VU(BY; 25, y;) be the gradient of the loss at the

current model 5. Then the updates to the model are of the form:

B = hg (Y, 9) (4.2)
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where hp is a gradient-based optimizer, which also depends on R(-). Several
methods such as gradient descent, accelerated gradient, conditional gradient
(Frank-Wolfe), proximal methods, LBFGS, and bundle methods fit in this
framework. However, if the number of samples, d, is large, a computational
bottleneck in the above update step is the computation of the gradient, g,

whose computation can be distributed.

Notation: Throughout this chapter, we let d denote the number of
samples, n denote the number of workers, k& denote the number of data par-
titions, and s denote the number of stragglers/failures. The n workers are
denoted as Wy, Wy, ..., W,. The partial gradients over k data partitions are
denoted as g1, go, ..., gr. The i*" row of some matrices A or B is denoted as
a; or b; respectively. For any vector x € R", supp(x) denotes its support i.e.
supp(x) = {i|x; # 0}, and ||x]|, denotes its {y-norm i.e. the cardinality of
the support. 1,4, and 0,x, denote all 1s and all Os matrices respectively, with

dimension p x ¢. Finally, for any r € N, [r] denotes the set {1,...,r}.

4.2.1 The General Setup

We can generalize the scheme in Figure 4.1b to n workers and k data

partitions by setting up a system of linear equations:
AB =144, (4.3)

where f denotes the number of combinations of surviving workers /non-stragglers,

174 is the all 1s matrix of dimension f x k, and we have matrices A € Rfx"
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B € R"¥k,

We associate the i row of B, b;, with the i** worker, W;. The support
of b;, supp(b;), corresponds to the data partitions that worker W; has access
to, and the entries of b; encode a linear combination over their gradients that
worker W; transmits. Let g € R¥*? be a matrix with each row being the partial

gradient of a data partition i.e.

g = [917927 s 7gk]T
Then, worker W; transmits b;g. Note that to transmit b;g, W; only needs to
compute the partial gradients on the partitions in supp(b;). Now, each row of
A is associated with a specific failure/straggler scenario, to which tolerance is
desired. In particular, any row a;, with support supp(a;), corresponds to the
scenario where the worker indices in supp(a;) are alive/non-stragglers. Also,

by the construction in Eq. (4.3), we have:

a;Bg=[1,1,...,1]g = (Zgj) and, (4.4)
a;Bg= > ai(k)(brg) (4.5)

kesupp(a;)

where a;(k) denotes the k'™ element of the row a;. Thus, the entries of a;
encode a linear combination which, when taken over the transmitted gradients

of the alive/non-straggler workers, {07} resupp(a;), Would yield the full gradient.

Going back to the example in Fig. 4.1b, the corresponding A and B
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matrices under the above generalization are:

0 1 2 1/2 1 0
A=11 0 1|,andB=| 0 1 -1 (4.6)
2 -1 0 /2 0 1

with f = 3,n = 3,k = 3. It is easy to check that AB = 1343. Also, since
every row of A here has exactly one zero, we say that this scheme is robust to

any one straggler.

In general, we shall seek schemes, through the construction of (A, B),

which are robust to any s stragglers.

The rest of this chapter is organized as follows. In Section 4.3 we pro-
vide two schemes applicable to any number of workers n, under the assumption
that stragglers can be arbitrarily slow to the extent of total failure. In Section
4.4, we relax this assumption to the case of worker slowdown (with known
slowdown factor), instead of failure, and show how our constructions can be
appended to be more effective. Finally, in Section 4.5 we present results of

empirical tests using our proposed distribution schemes on Amazon EC2.

4.3 Full Stragglers

In this section, we consider schemes robust to any s stragglers, given n
workers (with s < n). We assume that any straggler is (what we call) a full
straggler i.e. it can be arbitrarily slow to the extent of complete failure. We
show how to construct the matrices A and B, with AB = 1, such that the

scheme (A, B) is robust to any s full stragglers.
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Consider any such scheme (A, B). Since every row of A represents a
set of non-straggler workers, all possible sets over [n] of size (n — s) must be
supports in the rows of A. Thus f = (nr_ls) = (Z) i.e. the total number of
failure scenarios is the number of ways to choose s stragglers out of n workers.

Now, since each row of A represents a linear span over some rows of B, and

since we require AB = 1, this leads us to the following condition on B:

Condition 1 (B-Span). Consider any scheme (A, B) robust to any s strag-
glers, given n workers (with s < m). Then we require that for every subset
I Cn],|I|=n—s:

1ixx € span{b; |i € I} (4.7)

where span{-} is the span of vectors.

The B-Span condition above ensures that the all 1s vector lies in the
span of any n — s rows of B. This is of course necessary. However, it is also
sufficient. In particular, given a B satisfying Condition 1, we can construct
A such that AB = 1, and A has the support structure discussed above. The
construction of A is described in Algorithm 4.1 (in MATLAB syntax), and we

have the following lemma.

Lemma 4.1. Consider B € R™* satisfying Condition 1 for some s < n.
Then, Algorithm 4.1, with input B and s, yields an A € RC)*™ such that

AB = 1<n)xn and the scheme (A, B) is robust to any s full stragglers.

Based on Lemma 4.1, to obtain a scheme (A, B) robust to any s strag-

glers, we only need to furnish a B satisfying Condition 1. A trivial B that
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Algorithm 4.1 Algorithm to compute A
Input : B satisfying Condition 1, s(< n)
Output: A such that AB = 1(n>m

f = binom(n, s);
A = zeros(f,n)
Cn

foreach [/ | s.t. |[I| =(n—s) do

works is B = 1,,«, the all ones matrix. However, this is wasteful since it im-
plies that each worker gets all the partitions and computes the full gradient.
Our goal is to construct B satisfying Condition 1 while also being as sparse
as possible in each row. In this regard, we have the following theorem, which

gives a lower bound on the number of non-zeros in any row of B.

Theorem 4.1 (Lower Bound on B’s density). Consider any scheme (A, B)
robust to any s stragglers, given n workers (with s < n) and k partitions.
Then, if all rows of B have the same number of non-zeros, we must have:

[billp > %(s +1) for any i € [n].

Theorem 4.1 implies that any scheme (A, B) that assigns the same
amount of data to all the workers must assign at least % fraction of the data
to each worker. Since this fraction is independent of k, for the remainder of
this chapter we shall assume that £ = n i.e. the number of partitions is the

same as the number of workers. In this case, we want B to be a square matrix
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satisfying Condition 1, with each row having at least (s+ 1) non-zeros. In the
sequel, we demonstrate two constructions for B which satisfy Condition 1 and

achieve the density lower bound.

4.3.1 Fractional Repetition Scheme

In this section, we provide a construction for B that works by replicat-
ing the task done by a subset of the workers. We note that this construction is
only applicable when the number of workers, n, is a multiple of (s+1), where s
is the number of stragglers we seek tolerance to. In this case, the construction

is as follows:

We divide the n workers into (s + 1) groups of size (n/(s+ 1)).

In each group, we divide all the data equally and disjointly, assigning

(s 4+ 1) partitions to each worker

All the groups are replicas of each other

When finished computing, every worker transmits the sum of its partial

gradients

Fig. 4.3 shows an instance of the above construction for n = 6,s = 2. A
general description of B constructed in this way (denoted as Byq.) is shown

in Eq. (4.9). Each group of workers in this scheme can be denoted by a block
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Group 1 Group 2 Group 3

D, D, D, D, D, D,

D, Ds D, Ds D, Ds

D; D¢ D, De D; D¢
A

Figure 4.3: Fractional Repetition Scheme for n = 6,s = 2

matrix Bypjoek (1, 8) € R++1*" We define:

11><(s+1) 01><(s+1) ...... 01><(s+1)
B 01 (s Ligsry -+0 - 01y (s
Brioek(n, s) = Ix(s+1)  H1x(s+1) 1% (s41)
Oixs+1) Oux(srny oo Lixs+n | o x
) - s xn

(4.8)

Thus, the first worker in the group gets the first (s + 1) partitions, the second

worker gets the second (s+ 1) partitions, and so on. Then, B is simply (s+1)

replicated copies of Bpjock(n, 8):
1) ]
Bblock

-2

B

B— Bfmc _ block

—=(s+1)
_Bblock i

nxn

where for each t € {1,...,s+ 1}, F&lck = Bpioa(n, 5).

(4.9)

It is easy to see that this construction can yield robustness to any s

stragglers. Since any particular partition of data is replicated over (s + 1)
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workers, any s stragglers would leave at least one non-straggler worker to

process it. We have the following theorem.

Theorem 4.2. Consider By, constructed as in Eq. (4.9), for a given number
of workers n and stragglers s(< n). Then, Bj.qc satisfies the B-Span condition
(Condition 1). Consequently, the scheme (A, Bfrac), with A constructed using

Algorithm 4.1, is robust to any s stragglers.

The construction of By,,. matches the density lower bound in Theo-
rem 4.1 and, the above theorem shows that the scheme (A, Bfq.), with A

constructed from Algorithm 4.1, is robust to s stragglers.

4.3.2 Cyclic Repetition Scheme

In this section we provide an alternate construction for B which also
matches the lower bound in Theorem 4.1 and satisfies Condition 1. However,
in contrast to construction in the previous section, this construction does not
require n to be divisible by (s + 1). Here, instead of assigning disjoint collec-
tions of partitions, we consider a cyclic assignment of (s + 1) partitions to the

workers. We construct a B = B, with the following support structure:
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s+1

_* * *~ % 0 ]
* % * % 0
supp(Beye) = o 0 o 0 * *' * * (4.10)
[ x ok % o0 --- 0 0 x|

where x indicates non-zero entries in B.y.. So, the first row of B, has its first
(s+ 1) entries assigned as non-zero. As we move down the rows, the positions
of the (s + 1) non-zero entries shift one step to the right, and cycle around

until the last row.

Given the support structure in Eq. 4.10, the actual non-zero entries
must be carefully assigned in order to satisfy Condition 1. The basic idea
is to pick every row of By, with its particular support, to lie in a suitable
subspace S that contains the all ones vector 1,y;. We consider a (n — s)
dimensional subspace, S = {z € R"| Hx = 0, H € R**"} 4.e. the null space
of the matrix H, for some H satisfying H1 = 0. Now, to make the rows
of By lie in S, we require that the null space of H must contain vectors
with all the different supports in Eq. 4.10. This turns out to be equivalent
to requiring that any s columns of H are linearly independent, and is also
referred to as the MDS property in coding theory. We show that a random
choice of H suffices for this, and we are able to construct a B, with the

support structure in Eq. 4.10. Moreover, for any (n — s) rows of By, we
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show that their linear span also contains 1,41, thereby satisfying Condition 1.
Algorithm 4.2 describes the construction of By, (in MATLAB syntax) and,

we have the following theorem.

Algorithm 4.2 Algorithm to construct B = By
Input :n, s(<n)
Output: B € R™*" with (s + 1) non-zeros in each row

H = randn(s, n);
H(:,n) = —sum(H(:,1:n—1),2);
B = zeros(n);
fori=1:ndo
j=mod(i—1:s+i—1,n)+1;
Bl j) = [1—H(, (2 5+ DVHC, (D))
end

Theorem 4.3. Consider B, constructed using the randomized construction
in Algorithm 4.2, for a given number of workers n and stragglers s(< n).
Then, with probability 1, Be,. satisfies the B-Span condition (Condition 1).
Consequently, the scheme (A, By.), with A constructed using Algorithm 4.1,

15 robust to any s stragglers.

4.4 Partial Stragglers

In this section, we revisit our earlier assumption of full stragglers. Un-
der a full straggler assumption, Theorem 4.1 shows that any non-straggler
worker must incur an (s + 1)-factor overhead in computation, if we want to
attain tolerance to any s stragglers. This may be prohibitively huge in many

situations. One way to mitigate this is by allowing at least some work to be
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N, N3 Ns
N2 N4 NG
Gy G Cs
C, Cs C,
A
ny, by n,, b, ns, bs

n1 = g(N;) + g(Ny)
Ny = g(N3) + g(N,)

A 4 n3 = g(Ns) + g(Ng)
A b; = g(Cy)/2 + g(Cy)
b, = g(Cy) - g(Cs)
b3 = 9(Cy)/2 + g(Cy)

Figure 4.4: Scheme for Partial Stragglers, n = 3,s = 1, = 2. g(-) represents
the partial gradient.

done also by the straggling workers. Therefore, in this section, we consider a
more plausible scenario of slow workers, but assume a known slowdown factor.
We say that a straggler is an a-partial straggler (with a > 1) if it is at most «
slower than any non-straggler. This means that if a non-straggler completes
a task in time 7', an a-partial straggler would require at most o7 time to
complete it. Now, we augment our previous schemes (in Section 4.3.1 and
Section 4.3.2) to be robust to any s stragglers, assuming that any straggler is

an a-partial straggler.

Note that our earlier constructions are still applicable: a scheme (A, B),
with B = Bjfpee or B = By, would still provide robustness to s partial
stragglers. However, given that no machine is slower than a factor of «, a
more efficient scheme is possible by exploiting at least some computation on
every machine. Our basic idea is to couple our earlier schemes with a naive
distribution scheme, but on different parts of the data. We split the data into

a naive component, and a coded component. The key is to do the split such
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that whenever an a-partial straggler is done processing its naive partitions, a

non-straggler would be done processing both its naive and coded partitions.

In general, for any (n, s, «), our two-stage scheme works as follows:

e We split the data D into n + n;i_ll equal-sized partitions — of which n

partitions are coded components, and the rest are naive components

s+1

a—1

e Each worker gets naive partitions, distributed disjointly.

e Each worker gets (s + 1) coded partitions, distributed according to an
(A, B) distribution scheme robust to s stragglers (e.g. with B = By
or B = Bey.)

e Any worker, W;, first processes all its naive partitions and sends the sum
of their gradients to the aggregator. It then processes its coded partitions,

and sends a linear combination, as per the (A, B) distribution scheme.

Note that each worker now has to send two partial gradients (instead
of one, as in earlier schemes). However, a speedup gained in processing a
smaller fraction of the data may mitigate this overhead in communication,

since each non-straggler only has to process a % (S)J%a) fraction of the data,

as opposed to a S;:—l fraction in full straggler schemes. Thus, when computation
is the bottleneck, adopting a partial stragglers scheme may not hurt the overall
efficiency. On the other hand, when communication is the bottleneck (and if a
2x overhead is prohibitive), a full straggler scheme may be a better choice even

with its (s41)-factor overhead in computation for the non-straggler workers.
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Fig. 4.4 illustrates our two-stage strategy forn =3,s = 1, = 2. We
see that each non-straggler gets 4/9 = 0.44 fraction of the data, instead of a
2/3 = 0.67 fraction (for e.g. in Fig 4.1b).

75



4.5 Experiments

Running Times with one straggler (s=1)

E Naive 3 Partial Fractional (a= 1.2)

I Cyclic I Partial Cyclic (a= 2.0)
EEE Fractional 3 Partial Cyclic (a= 1.5)
I Partial Fractional (a= 2.0) @ Partial Cyclic (a= 1.2)
EE Partial Fractional (o= 1.5)

Time (in seconds)

Delay =0s Delay =25 Delay =355 Delay = 5s

(a) s =1 Straggler

Running Times with two stragglers (s=2)

E Naive 3 Partial Fractional (a= 1.5)

B Cyclic I Partial Cyclic (a= 4.0)
7| Fractional = Partial Cyclic (a= 2.0)

I Partial Fractional (o= 4.0) @ Partial Cyclic (a= 1.5)
EE Partial Fractional (o= 2.0)

Time (in seconds)

Delay =0s Delay =3s Delay =4.5s Delay = 6s

(b) s =2 Stragglers

Figure 4.5: Empirical running times on Amazon EC2 with n = 12 machines for
s = 1 and s = 2 stragglers. In this experiment, the stragglers are artificially
delayed while the other machines run at normal speed. We note that the
partial straggler schemes have much lower data replication, for example with
a = 1.2 we need to only replicate approximately 10% of the data.
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Average Time per iteration (in seconds)

Avg. Time per iteration on n=10 t2.micro workers

In this section, we present experimental results on Amazon EC2, com-
paring our proposed gradient coding schemes with baseline approaches. We
compare our approaches against: (1) the naive scheme, where the data is
divided uniformly across all workers without replication and the aggregator
waits for all workers to send their gradients, and (2) the ignoring s stragglers
scheme where the data is divided as in the naive scheme, however the aggre-
gator performs an update step after any n — s workers have successfully sent

their gradient.

Avg. Time per iteration on n=20 t2.micro workers

0.25 0.25

Avg. Time per iteration on n=30 t2.micro workers

Average Time per iteration (in seconds)
Average Time per iteration (in seconds)

FracRep CycRep ignore Naive FracRep FracRep CycRep CycRep Ignore Ignore
s= 1 s=3  s=4  s=3  s=4 Stragg Stragg
s=3  s=4

=1 5=

Stragg

s=1 s=5

Figure 4.6: Avg. Time per iteration on Amazon Employee Access dataset.

4.5.1 Experimental setup

We implemented all methods in python using MPI4py [16], an open
source MPI implementation. Based on the method being considered, each
worker loads a certain number of partitions of the data into memory before
starting the iterations. In iteration ¢ the aggregator sends the latest model

B® to all the workers (using Isend()). Each worker receives the model (using

7

Naive FracRep FracRep CycRep CycRep Ignore Ignore
s= s=9  s=5  s=9 Stragg Stragg

s=9
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AUC vs. Time on n=10 t2.micro workers AUC vs. Time on n=20 t2.micro workers 0.90 AUC vs. Time on on n=30 t2.micro workers

0.9

FracRep, s=4
— FracRep, s=9
— CycRep, s=4

CycRep, s=9
— IgnoreStragg, s=4
IgnoreStragg, s=9

— FracRep, s=3
—— FracRep, s=4
— CycRep, s=3

CycRep, s=4

— FracRep, s=1
— CycRep, s=1 0.5 — IgnoreStragg, s=3
— IgnoreStragg, s=1 IgnoreStragg, s=4

4 6 8 10 12 14 2 4 6 8 10 12 14 5 10 15
Time (in seconds) Time (in seconds) Time (in seconds)

Figure 4.7: AUC vs Time on Amazon Employee Access dataset. The two pro-
posed methods are FracRep and CycRep compared against the frequently used
approach of Ignoring s stragglers. As can be seen, gradient coding achieves
significantly better generalization error on a true holdout.

Irecv()) and starts a gradient computation. Once finished, it sends its gradi-
ent(s) back to the aggregator. When sufficiently many workers have returned
with their gradients, the aggregator computes the overall gradient, performs a

descent step, and moves on to the next iteration.

Our experiments were performed using two different worker instance
types on Amazon EC2: m1.small and t2.micro — these are very small, very
low-cost EC2 instances. We also observed that our system was often bottle-
necked by the number of incoming connections i.e. all workers trying to talk
to the master concurrently. For that reason, and to mitigate this additional
overhead to some degree, we used a larger master instance of c3.8xlarge in

our experiments.

We ran the various approaches to train logistic regression models, a

well-understood convex problem that is widely used in practice. Moreover,
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Logistic regression models are often expanded by including interaction terms
that are often one-hot encoded for categorical features. This can lead to 100’s
of thousands of parameters (or more) in the trained models. To train the
logistic regression models for using our proposed scheme (or the naive scheme),
we used Nesterov’s Accelerated Gradient descent with a constant learning
rate, where the constant was chosen optimally from a range. Note that other
optimizers such as LBFGS would have also been applicable here since we obtain
the full gradient in our schemes. For the ignoring s stragglers approach, we
used gradient descent with a learning rate of ¢;/(t + ¢2) (which is typical for
SGD), where ¢; and ¢y were also chosen optimally in a range. We did not use
NAG here since it is unstable to noisy gradients. While we do not present any
empirical results, we refer the reader to [20] for a theoretical and empirical
analysis of the effect of noisy gradients in NAG. Thus another advantage of
our schemes over ignoring s stragglers is that the latter cannot be combined
with NAG because errors may quickly accumulate and eventually cause the

method to diverge.

4.5.2 Results

Artificial Dataset: In our first experiment, we solved a logistic re-
gression problem on a artificially generated dataset. We generated a dataset
of d = 554400 samples D = {(x1,11),...,(24,ya)}, using the model = ~
0.5 x N(p1,1) + 0.5 x N(uz, I) (for random pq, s € RP), and y ~ Ber(k),

with x = 1/(exp(227*) + 1), where 8* € RP is the true regressor. In our
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experiments, we used a model dimension of p = 100, and chose S* randomly.

In this experiment, we also artificially added delays to s random workers
in each iteration (using time.sleep()). Figure 4.5 presents the results of our
experiments with s = 1 and s = 2 stragglers, on a cluster of n = 12 m1.small
machines. As expected, the baseline naive scheme that waits for the stragglers
has poorer performance as the delay increases. The Cyclic and Fractional
schemes were designed for one straggler in Figure 4.5a and for two stragglers
in Figure 4.5b. Therefore, we expect that these two schemes would not be
influenced at all by the delay of the stragglers (up to some variance due to
implementation overheads). The partial straggler schemes were designed for
various . Recall that for partial straggler schemes, o denotes the slowdown

factor.

Real Dataset: Next, we trained a logistic regression model on the
Amazon Employee Access dataset from Kaggle !. We used d = 26200 training
samples, and a model dimension of p = 241915 (after one-hot encoding with
interaction terms). These experiments were run on n = 10,20,30 t2.micro

instances on Amazon EC2.

In Figure 4.7 we show the Generalization AUC of our method (FracRep
and CycRep) versus ignoring s stragglers (IgnoreStragg). As can be seen, Gra-
dient coding achieved significantly better generalization error. We emphasize

that the results in figures 4.6 and 4.7 do not use any artificial straggling, only

Thttps:/ /www.kaggle.com/c/amazon-employee-access-challenge
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the natural delays introduced by the EC2 cluster.

How is this stark difference possible? When stragglers were ignored
we were, at best, receiving a stochastic gradient (when random machines are
straggling in each iteration). As alluded to earlier, in this case the best we
could do as an optimization algorithm is to run gradient descent as it is robust
to noise. When using gradient coding however, we could retrieve the full
gradient which gave us access to faster optimization algorithms. In Figure 4.7

we used Nesterov’s Accelerated Gradient (NAG).

Another advantage of using full gradients is that we can guarantee that
we are training on the same distribution as the one the training set was drawn
from. This is not true for the approach that ignores stragglers. If a particular
machine is more likely to be a straggler, samples on that machine will likely
be underrepresented in the final model, unless particular countermeasures are
deployed. There may even be inherent reasons why a particular sample will
systematically be excluded when we ignore stragglers. For example, in struc-
tured models such as linear-chain CRFs, the computation of the gradient is
proportional to the length of the sequence. Therefore, extraordinarily long

examples can be ignored very frequently.
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Chapter 5

Conclusion

In this thesis, we have studied three problems that typically invoke low-
dimensional structural assumptions, or distributed approaches, to solve them.
For these problems, we have shown approaches that further account for specific
structural characteristics or computational bottlenecks and thus provide both

statistical and computational advantages over existing algorithms.

For the problem of learning graphs with a few hubs, we have proposed
an estimator based on a sufficiency measure — a quantitative criteria that
measures whether or not the given number of samples suffice to estimate the
neighborhood of a given node. Since the number of samples depends on the
high-degree nodes (among other things), this measure allows us to detect "high
degree” or "hub” nodes. Ignoring the estimates for these nodes, and only
using "non-hub” nodes to reconstruct the whole graph then suffices to estimate

graphs without any ”hub-hub” edges.

For the problem of kernel ridge regression, we have studied a divide-and-
conquer approach to reduce the O(n?) computational complexity of solving a
single KRR problem (where n is the number of samples). Our divide step is

based on a suitable underlying partition of the input space (possibly obtained
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via clustering), and the conquer step simply uses the local estimate of each
partition as the overall estimate for that partition. We have studied conditions
under which generalization rates can be obtained for such a partitioning based
KRR estimator. Moreover, we have shown its statistical advantages over both
a single KRR estimate and an estimator based on random data partitioning.
This is explained by the fact that a partitioning based estimator learns a piece-
wise KRR estimates, thereby allowing the possibility of lower approximation

error as well.

For the problem of stragglers/slow machines in distributed synchronous
gradient descent, we have proposed gradient coding — a framework that repli-
cates data blocks and codes across gradients. We have experimented with var-
ious gradient coding ideas on Amazon EC2 instances. Our proposed schemes
create computation overheads while keeping communication the same. The
benefit of this additional computation is fault-tolerance: we are able to re-
cover full gradients, even if s machines do not deliver their assigned work, or
are slow in doing so. Moreover, our partial straggler schemes provide fault tol-
erance while allowing all machines to do partial work. They however require

an extra round of communication.
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Appendix A

Appendix A - Proofs for Chapter 2

A.1 Proof of Corollary 2.1

Proof. For any t € N*

*n(1), we have

Ny(r; D) = N2, (r) = t € Ny(r; D).

For any t ¢ N

s (1), we have

t € Ny(r; D) = Na(r; D) # Ny ().
Thus,

P(t € Ny(r; D)) > P(Ny(r; D) = N*,. (r)) if t € N*, (r) and,

S

P(t € Ny(r; D)) < P(Na(r; D) # Nig (1)) if t ¢ N ().

Now, using the result of Theorem 2.1 proves the corollary.

A.2 Proof of Proposition 2.1

Proof. The proof of this proposition is similar to Theorem 4.1 in [37]. First

note that,

B0 =y 3 B[F0)] = 3 P(reNuaDi),

b/ D,eS,(D)
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where the expectation and probability are taken over the samples D being
drawn i.i.d. For any fixed set of b indices, drawing n samples i.i.d. and then
choosing the b samples corresponding to the fixed indices is equivalent to draw-
ing b samples i.i.d. Thus, for any D, € Sy(D), we have P (t € fﬁbv,\(r; Db)> =

Proa(t), which implies
E [ﬁr,b,A(t; D)] = pnb,/\(t)- (A5)

Using Hoeffding’s inequality for a U-statistics [53], we can concentrate
Droa(t; D) around its expectation as
P ([oa:D) — b0 > 5) <200 (<52). (a9
Now, consider p,; x(t; D) for a fixed set of samples D. We can think of
Prox(t: D) as the expected value of a random variable on a uniform distribution
over subsets of size b i.e. imagine we have a random variable Y which can take
values Fy (Dy) for D, € Sy(D), and
1
()’

so that p,pA(t; D) = E[Y]. Then, p,,A(¢; D) is an estimate of E [Y], computed

P(Y = F,(Dy)) = (A7)

by averaging N values of Y, chosen independently and uniformly randomly.
Using McDiarmid’s inequality [40], we can therefore concentrate p,;(t; D)

around p,(t; D) as

~ ~ € N€2
P <|pr,b,/\(t; D) _pr,b,/\(t; D)| > 5 ‘ D) < 2€Xp (_T) ’
= P (19t D) = Broats D)| > §) < 2exp (_T) |
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where we obtain the second inequality by integrating D out, since the RHS
does not depend on D.
Combining Equation (A.6) and (A.8), we get

Ne

ne? 2
P<|ﬁr7b7)\(t; D) — prpa(t)] > e) < 2exp <—%) + 2exp <_T> . (A9

For, N > [#], this becomes

2

~ ne
P(an(t D) = pran()] > €) < dew (-3 (10

Now, by the union bound,
. ne?

P(31 € Vst [t D) — praalt)] > €) < 4(p— 1) exp (__Qb )

ne

<4 e

> apexp ( % )
(A.11)
Finally, observe that 3t' € V' \ r s.t.

Mo 2 (D) = Mopa| = | max prpa(ti; D) (1 — prpa(ts; D)) — max prpa(ta) (1 — prpa(ta)) ‘
t1eV\r toeV\r

IN

Praa(t's D) (L= prpa(t’; D)) = praa(t’) (1 = prpa(t’))
DProa(t'; D) — Pr,b,,\(t/)‘ + ’ (Praoa(t'; D) = prpa(t) Broa(t's D) 4 praa(t’)) ‘

< 3|prpa(t’s D) — prpa(t)]

IN

(A.12)
An instance of the ¢’ used in the above set of inequations can be one of ¢} or

t5, corresponding to the optimal for (arg max Ppp(t1; D) (1 — prpa(ta; D)))
t1eV\r

and (arg max p,p(t2) (1 — prp, ,\(tg))> respectively.
taeV\r
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Thus,
‘J/v\[r,b,)\(D)_Mr,b,)\’ > € = 3t < V\?“ s.t. ’ﬁr,b,)\(t/; D)—pr7b7)\(t/)’ > 6/3 (A13)

Using the result of Equation (A.10) now proves the lemma. ]

A.3 Proof of Proposition 2.2
Proof. Consider any t € V' \ r. From Assumption 2.1, we know that
v )\ S [O, )\min(t)) 5 pr,b,A(t) > (1 - 2€Xp(—610gp)) and,

VA€ [Amin(t), Amax(t)], 2exp(—clogp) < prpa(t) < (1 —2exp(—clogp)).
(A.14)

This implies that
Ve [07 )‘min(t>> ) pr,b,)\(t> (1 - pr,b,)\<t)) <7 and,

Ve P‘min(t)? )\max(t)] ) pr,b,)\(t> (1 - pr,b,)\<t)) Z -

(A.15)

Suppose we pick \; = m‘y{l Amin(t). Then for all A < A}, M, » < v, and
teV\r

at A\j, M. > . This means that A; is the solution to inf {A>0: M,y >}

Thus, A =1inf {A > 0: M, > 7} exists and

A= A\ = min Ay, (%). (A.16)

teV\r

To prove the existence of \,, we first have the following claim, the proof

of which is described in Subsection A.3.1.

Claim A.1. For any node r € V, there exists a reqularization parameter
As (0 <A < 1) st forall X > X, prpa(t) =0Vt € V\r, and as a conse-

quence, M, p x = 0.
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Now, observe that M, is a continuous function of A, since M, \ =

maicpnb, A(t) (1 = prpa(t)) is just a maximum of continuous functions.
teV\r

So, Mypn, > v, Mypa, = 0 (from Claim A.1) and the continuity of
M, .5, together imply that A, = inf{\ > X\ :M,; <~} exists. Also, we

have A\, < A,.

Finally, (b) is a consequence of the continuity of p,; A(t). From (A.16),

we know that A\, = min Apin(¢). Therefore, at ¢’ = arg min Ay, (t) we have
teVr teV\r

Proxn(t) =1—2exp(—clogp). (A.17)

Note that equality occurs due to continuity of p,.j A(t). At Ay, since M, 5, < 7,
we must have either p,.; 5, (t') > 1—2exp(—clogp) or p,pA(t') < 2exp(—clogp).
This means that either A\, < Apin(t') or Ay > Anax(t'). However, since A\, >

Al = Amin(t), we cannot have the former. Thus, p,p ., (') < 2exp(—clogp).

So, to summarize,

At A, proa(t) =1—2exp(—clogp) and
(A.18)
at Ay, Proa, (t') < 2exp(—clogp),

i.e. between A\, and Ay, prp(t') goes from a value close to 1, to a value close

to 0. Now, continuity of p,; »(¢') implies that for any k € (v, 1/4], there exists
a st popa(t) (1 —prpa(t’)) > k, which implies M, > k. O
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A.3.1 Proof of Claim A.1

Proof. Let D be any set of b samples, D = {2 ... 2®1} Any solution, g\r,

of (7) (with the samples D) must satisfy
VL(B,; D)+ XAz =0 (A.19)
for some z € 8||5\r||1.

Suppose we have A > [|[VL(0; D)||« and we pick z; = —[V.L(0; D)];/\.
Then, z € 8||§\T||1 for 5\,, = 0 and (0, z) satisfies (A.19). Thus, 0 is an
optimum for (7). Also, since we have shown the existence of a subgradient
z st. ||z]|loc < 1, by Lemma 1 in [49] we know that O is the only solution.
If we pick A\; = Der{ri?ﬁ}prVL(O; D)||s, then for any A > A, 0 is the unique

optimum for any choice of D. This implies that p,;(t) = 0Vt € V \ r and

M, p.» = 0. Finally, note that

b
1 G
. _ - (@) ,.(4)
IVL(0; D)||se = max |- ;x )| <1= )\ <1 (A.20)
[
A.4 Proof of Proposition 2.4
Proof. Consider any t € V' \ r. We have
Either A, < Amin(t) or Ay > Apax(?). (A.21)

This can be seen as at A, we have M, », > v = 2exp(—clogp) (1 — 2exp(—clogp)).

This implies that

Either p,pa,(f) > 1 —2exp(—clogp) or p.pa,(t) < 2exp(—clogp). (A.22)
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Based on Assumption 2.1(a), this implies equation (A.21).

Now, consider this for any two irrelevant variables t1,ty ¢ N*(r). We
cannot have A\, < Amin(t1) and A, > Apax(t2) (or vice-versa), as this would

violate Assumption 2.1(b). Thus, we must have

Either A, < min A\pin(t) or A, > max Apax(?). (A.23)
tEN*(r) tEN*(r)

We shall show that the former possibility cannot happen. To see this, assume
Ay < t gl\ril(lr))\min(t). Then, using Assumption 2.1(c), this means that A\, <
Amax (%), for any ¢ € V\r. But, from (A.21), this must imply that A\, < Apin (ﬂ,
for any £ € V'\r. However, this is a contradiction, since A, > A\; = min Apin (%),

teV\r
where the equality comes through the same argument used to show (A.16).

Thus, A, > gjl\fafc))\max(t). This implies that p,p, (t) < 2exp(—clogp)
tEgN*(r

for any t & N*(r) i.e.
For any t ¢ N*(r), P (t ¢ 3/\\fb7,\u(r; D)) > 1 —2exp(—clogp). (A.24)
Using union bound on the irrelevant variables, we get that P (5\\&] A (15 D) C©N* (r)) >

1—2exp(—(c—1)logp). O

A.5 Proof of Proposition 2.3

Proof. Following the same argument as in Proposition 2.4 above, we can infer

that for any t ¢ N*(r), prpa, (t) < 2exp(—clogp).
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Using Corollary 2.1, we know that there exists a Ay s.t.

Pri(t) > 1 —2exp(—cieqalogp) > 1 —2exp(—clogp) if t € N7, (r)

Pri(t) < 2exp(—cicqlogp) < 2exp(—clogp) if t & N, (7).
(A.25)

Based on Assumption 2.1, this means for any ¢ € N7, () we have A\g < Apin (),

and for any ¢ ¢ N¥ ,(r) we have Ay > Apax(t).

sub

Observe that A\g > \;. This is because for any t' & N7, (1), Ao > Amax(t')
which implies A\g > Apin(t'), whereas A\, = m‘lfr{ Amin ("), using arguments used
t"eV\r
to show (A.16).

Now, we shall show that we cannot have Ay < \,. Suppose \g < \,.
From (A.25), we have that M, ,,, < 7, where 7 is as defined in Assumption
1. So, we get A\g € (A, Ay) s.te M,p, < 7. This is a contradiction since

Ay = Inf {A > X\ : M, 5\ < v}. Therefore, we must have A, < .

So, for any t € N% ,(r), Ay < Amin(t), which means that p,;,(¢) > 1 —

2 exp(—clogp). Now, taking a union bound over the exclusion of all irrelevant

variables and the inclusion of all variables in N*

* »(r) proves the proposition.

]

A.6 Proof of Theorem 2.2

Since this is a simple corollary, we shall only provide an outline of the
proof here. The conditions specified in the theorem ensure that Proposition
2.3 is true for any node r € V with degree, d(r) < d, and that, Proposition

2.4 is true for any other node. In addition, owing to the choice of n and
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N, Proposition 2.2 guarantees that J\A/[r,b, » would be reliable estimate for M,.j »

upto a tolerance of € w.h.p. Thus, running Algorithm 2.2, with the parameters

3
sub

specified, for all nodes would yield the N ,(r) neighbourhoods of nodes with
degree at most d, and yield subsets of the true neighbourhoods for the rest.
Ey is defined to be the set of edges (u, v) such that atleast one of its endpoints
is a node with degree at most d (say u), and the other belongs to the N*

sub

neighbourhood of the first (i.e. v € N*

*(1)). Then, if we consider the union

of all neighbourhoods obtained from Algorithm 2.2, clearly, the set Ey; gets

recovered with high probability.

A.7 Proof of Corollary 2.2

This is again a simple consequence of Theorem 2.2. Under the condi-
tions specified here, the set Ej;, defined in Theorem 2.2, becomes the set of

true edges £*. Thus, we are guaranteed exact graph recovery in this setting.
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Appendix B

Appendix B - Supplementary for Chapter 3

B.1 Main bounds and covariance control

In this section we state bounds on Reg;(\, \), Bias;(\, n), Ep [Var;(\, D)]
from Lemma 3.1. However, first we require a supplemental result on the oper-
ator norm of the sample covariance error, under a suitable whitening. This is
typical of such analysis, and is detailed in the subsection below. Thereafter,

we present the bounds on the component terms.

B.1.1 Covariance control

Bounding the terms in Lemma 3.1 requires control of the operator norm
of the error in the sample covariance, under a suitable whitening. Specifically,

we need a bound on the quantity (for any i € [m| and some k > 2):

L1 L/k
[H Z_i;f IR 3f )Ez_;f ] := CovErr;(Ap;, n, k) (B.1)

where we use the shorthand: ¥, ,,, = (X; + Ap;I). A general bound on this
can be found in Lemma C.1 in Appendix C.1.2. While the expression in
Lemma C.1 is complicated, it can be specialized for specific kernels to obtain
meaningful expressions, as also shown in the supplementary. We state these

for a few cases below. Their proof is provided in Appendix C.1.2.1
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Finite Rank Kernels. Suppose kernel K has finite rank » — examples

include the linear and polynomial kernels. Then, for any i € [m] and k > 2,

we get: CovErr;(Ap;,n, k) = O (@) =0 (—T\/\}?>

Kernels with exponential decay in eigenvalues. Suppose kernel K
has exponentially decaying eigenvalues, \; < ¢; exp(—caj?) (Vj, and constants
1,2 > 0) — an example here is the Gaussian kernel. Then, for any i € [m],

k > 2 and Ap; > poly(1/n), we get: CovErr;(Ap;,n, k) = O <—log"\(/1§gl°g"))

Kernels with polynomial decay in eigenvalues. Suppose kernel
K has polynomially decaying eigenvalues, A\; < ¢j7" (Vj, and constants ¢ >

0,v > 2) — examples here include sobolev kernels with different orders. Then,

v

. 1
for any i € [m], k > 2, and Ap; > — for some constant o < §

CovErr;(Ap;,n, k) = O ( i l_oﬁ)

n2

— 1, we get:

Overall, it would be useful to think of CovErr;(Ap;,n,k) to be scal-
ing as 9) (n_l/ 2). Consequently, in the bounds to follow, terms of the form
CovErr;(Ap;, n, k)* scale as 5(77,_1“/ 2) — and become negligible for sufficiently

large k.

B.1.2 Main bounds

We can now provide bounds on the terms in Lemma 3.1. The following
lemmas provide bounds on the Regularization error, Bias and Variance, for
any partition i € [m], as given in Definition 2. We only state the lemma here
using the O(:) notation. Precise statements can be found in Lemmas C.2,

C.3 and C.4, in Appendices C.1.6, C.1.7 and C.1.8 respectively. Recall that
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pi = P(z € C;) and f;5 is the solution of Eq. 3.7. Additionally, we use the
shorthand C'E; to denote CovErr;(Ap;, n, k).

Lemma B.1 (Regularization, Bias and Variance). Consider any partition i €

[m]. Let k > 2 such that Assumption 3.1 holds for this k (with constant ay),

and Assumption 3.2 holds (with A;(\) > 0). Also, suppose p; satisfies (for any
i€[m]): pi=Q(logn/n). Then,

Reg,(\, X)) = O (T1) (B.2)

Bias;(\,n) < O ((CE,.)2 (T2 YTy + (CE) Ty + (CE)? T5>) (B.3)

Sz'()\pi)

2
Ep[Vari(A, D)) < O (0 S+ T T+ (CE) T+ (CE)? T5)

(B.4)

where we let: Ty = m
2

Apill iy 2 o (N2
p—»k|%, T, = ||fl-7xH9{ + 72, and Ty = %

2 255 (Api ) A; (N)?
Fislle, Ty = YEEORIAOE © g Tig (£ +

n

Note that Lemma B.1 has a minimum requirement on p;, namely:
pi = Q(logn/n). However, this is minor since this essentially corresponds
to each partition having Q(logn) samples. Also, this requirement can be
potentially avoided under other restrictions for e.g. if the unknown func-
tion f* is uniformly bounded i.e. |f*(z)] < MVx. Now, to interpret the
above bounds, recall from Appendix B.1.1 that C'E; = CovErr;(d, Ap;, n) can
scale as O (n='/%). Therefore, terms of the form (CE;)* — which scale as
6(71*’“/ 2) — will be of lower order for a large enough k. Also, the bias bound

has a (CE;)? factor outside — an O(n™') term. Indeed, in most cases, the
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bias term (Eq (B.3)) turns out to be of a much lower order than the vari-
ance term (Eq (B.4)). Moreover, the first two terms in the variance bound
(Eq (B.4)), and the bound for Reg; (Eq (B.2)), become the overall dominat-
ing terms. Consequently, using Lemma 3.1, we have an overall scaling of:

Ep [Brr(fin)| ~ O (Approx,(3) + G522 || 155+ £2L0)),

B.2 Additional Discussion of Assumption 3.1

Let us recall Assumption 3.1.

Assumption (Eigenfunction moments). Let {\},v7}52, denote the eigenvalue-
eigenfunction pairs for the covariance operator ;. Then, Vi € [m], Vj s.t. )\j- #*
0, and for some constant k > 2, we assume E [(v}(w)ﬁl (x e ) /)\;)%} < ak,

where a; is a constant.

We note that we always have: E [v}(2)?1 (z € C;) /Xi] = E [<v§-, ¢$>§{ 1(x€Cy) A
(vi, i) Xi = 1 i.e. the first moment of (vi(z)?1(z € C;) /i) always ex-
ists. Thus, Assumption 3.1 simply enforces existence of higher moments of
(v4(2)*1 (z € C;) /A}). This assumption may also be interpreted as requiring
partition-wise sub-Gaussian behaviour (up to 2k moments) in the RKHS space,
since its primary use is to bound the quantity E [H (i + A\pid) "2, Hi’; 1(z € C’Z)} :

We detail this in the subsection below.

B.2.1 Control of E [H(ZZ + )\[)—1/2%”3;C 1(x€ Cl)} via Assumption 3.1

In this section, we show how Assumption 3.1 guarantees a bound on

E [H(EZ + )\I)’l/2¢xH§f 1(z e C’Z)] Consider any i € [m]. Let us assume that
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Assumption 3.1 holds with parameters a; and k(> 2).

Now, note that for any z € X, we have:
= Z vl (x)v
J

,/)\?
= (S M)V, =Y A v
j )\; + A ,/)\2

7

. k
. —1/24 ||%F _ /\;’ UJ(I)Q i
= |[(Zi 4+ A1) 70|, ( By SN vl

o X4 o2\

=<;Ak/w+k> <sz%/ N+ A N )
. ALJ(ANE 4 A) vl (2)? '

=S <ZJ: SO A )

@ S.(0)" (Z Aé/g(;;)r A) (U;E\? ) ) B.5)

where we have (a) using Jensen’s inequality.

Thus, we have

E[[[(Si+AD) 26,5 1z € C)] < SiV'E

where we have used Assumption 3.1 in the last step.

B.3 Generalization Error for Polynomial Kernels

Theorem B.1 (Kernels with polynomial eigenvalue decay). Let f* € H and

suppose kernel K has polynomially decaying eigenvalues : \; < c¢j=" (Vj, and
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constants ¢ > 0,v > 2). Let m denote the number of partitions, and let k > 2
such that Assumption 3.1 holds for this k. Also, suppose Ap; > n% for some
constant 0 < a < § — 1, and Vi € [m]. Then, the overall error for the DC-
estimator fc 1S given as:
A , o2 logn \"? 5 02
o [Brte)] = (M + Somso +m (50 ) (11 + T ) )
(B.7)

k— 2k(a+1)  4¢

Now, if m = O ( u) and Assumption 3.3 holds at A = 1/nvL+1

(logn)*

and p; > ——— (Vi € [m]), then the DC-estimator fc achieves the optimal

T
na7 vF1L

rate: Ep [Err(fc)} =0 <n%> at A = 1/nw.

Note that the requirement of p; > a}% in the latter part of the
n v

above theorem implicitly entails: o > 5. This, when coupled with the

requirement < 3 — 1 from the former part of the above theorem, can only
be meaningful for v > 1 + /2 &~ 2.44. Therefore, the latter part of Theorem
B.1 is only applicable to slightly stronger polynomial decays than the former
part (which holds for v > 2). Now, assuming v > 1 + v/2, the additional

k— 2k(a+1)  4v
n v v+1

(logn)F

requirement of m = O ( > is only meaningful for a sufficiently

large k. In particular, for k& > do? Ik When this happens, Theorem

(v4+1)(v—2(a+1
B.1 guarantees the optimal rate Ep [Err(fc)} =0 ( —— ) [67].

T
nv+1

B.4 Quintuplet condition

The bound on the residual error €. in Theorem 3.3 requires that CE; =

CovErr;(Ap;,n, k) = O (n™'/?) — which is indeed the case for the kernels dis-
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cussed in Section B.1.1. Also, it requires that the quintuplet (n, m, k, p;, A, X),

for any i € [m], satisfies:

= : 2
m = O | max An¥, n_2 , pi = ( min n , Approx_(f/\)
[1/x1l5¢ A2nk=27 pk/2)
(B.8)

The above restrictions on m and p; essentially guarantee that all terms involv-

ing CEF in Lemma B.1 are of a lower order.
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Appendix C

Appendix B - Proofs for Chapter 3

C.1 Proofs

This section contains the proofs of all theorems, lemmas and corollaries
presented in this paper, as well as some figures and tables. First, we summarize

some definitions and notations in the following subsection.

C.1.1 Definitions and Notation

We are given n samples D = {(z1,11), ..., (s, yn)}, of the tuple (z,y)
drawn ii.d. from a distribution, P, on X x Y. = (and ;) is a random vector
in the input space X, also called the covariate. y (and y;) is a random vari-
able in the output space Y, also called the response. The collection of sets

{C1,...,Cy} is used to denote a disjoint partition of the covariate space:

Additionally, we restrict Y C R and assume an additive noise model

relating the response to the covariate i.e. for each i € [n]:

yi = f*(@i) + i (C.2)
where f*: X — R is an unknown mapping of covariates in X to responses in

R, and 7; is the random noise corresponding to sample i. We assume that f*
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is square integreable with respect to the marginal of P on X. Equivalently, we
can say f* lies in the space Lo(X,P) ={f: X - R| ||f||i2 =E[f(z)? < oo},
where P denotes the marginal of P on the input space X. The random noise
is assumed to be zero mean with bounded variance i.e. E[n;|z;] = 0 and

E [n?|z;] < 02 Vi€ [n].

We are given a continuous, symmetric, positive definite kernel K :
X x X — R. For any x € X, we define ¢, := K(z,-). Then, the Reproducing
Kernel Hilbert Space (RKHS) corresponding to kernel K is given as H =

span{¢,, * € X}, with inner product defined as

<Zaj¢xj725k¢mk> :ZzajﬁkK(Ijaxk) (0-3)
J k 5 ik

We require that the RKHS space H C Ly(X, P) — which means Va, Eyp[K (2,y)?] <
oo — a condition which is always true for several kernel classes, including Gaus-

sian, Laplacian, or any trace class kernel w.r.t. P.

The partition based empirical and population covariance operators are

defined as (for partition C;):

n

1

i = ﬁ (9, ® ¢a;)1 (25 € Cy) (C4)

=1

where ¢, ® ¢, denotes the operator ¢, (¢, )4, and 1 (-) denotes the indicator
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function. Note that we have the relation:
- Z ) (C.6)

where ¥ = E [¢, ® ¢,], the overall covariance operator.

We let {)\2-, vé }i=1.....00 be the collection of eigenvalue-eigenfunction pairs

for ¥;. Then,
Ti= ) Ni(v) @) (C.7)
i

For any d € N, d > 1, we define P, as the projection operator onto the

first d eigenfunctions of ¥;. Thus,
d
Py=> vieu (C8)
j=1

We denote by ﬁf and ¢, the projected low-rank empirical and population

covariances (with rank = d), obtained using the operator P;. Thus,

n

- 1
j=1
d . . .
2= 3" N (v @ vl (C.10)
j=1

For any A > 0, we define the following spectral sums:

) 00\ py
SN = L Ui(d ) => L~ Li(d ) =) (C.11)
N+ A N+ i+ A

j>d
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Thus, S;(A) = U;(d, \) + L;(d, \), for any d € N.

Finally, we also introduce the shorthand: ¥;, = (X; + Al), ¢, =
~1/2 i @ oy
S0, and P =Y, (v @ vh).

C.1.2 Moments of the operator norm for Covariance operators

In this section, we st?tke a lemma providing a bound on the quantity
E {HZ;;/Q(EAL - Zi)E;iﬂHk} : , for some constant k > 2. Note that the norm
here, ||-||, corresponds to the operator norm. This quantity appears repeatedly
in other bounds, and therefore it is useful to have a lemma recording its bound,
as stated below. The proof can be found in Section C.1.9. First, we introduce

the following notion of truncated spectral sums for ;. For any d > 1, we let:

L — _J 12
(N =D (C.12)
j=d+1 " J
d )\z
Us(d, \) = 7 C.13
=Y (©13)

Note that for any d > 1, we have: L;(d, ) + U;(d, \) = S;(\), where S;()) is
defined in Eq. (C.11).

Now, we have the following lemma providing the required bound.
Lemma C.1. Consider any d € N,d > 1. Also, let k > 2 such that Assump-

tion 3.1 holds for this k (with constant ay). Then, we have

A W1 1/k
E {HZL;/Q(ZZ-—EZ-)EMW 1 < CovBrry(d, A\, n, k) (C.14)
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where we have the following expression for CovErr(d, A\, n,k):

Velogd Ui(d, \)
NG

CovBrry(d, \,n, k) = a1 Li(d, \) + a1 /La(d, N U (d, A) + 2

delogd (alUi(dv A)+ A{E—A) At C.15
nl-1/k Ny + A (G19)

+

Using the above lemma and applying Markov’s inequality, we get the

following simple corollary.

Corollary C.1. Consider any d € N, d > 1, and let k > 2 such that Assump-

tion 3.1 holds for this k (with constant ay). Then, we have

(|

C.1.2.1 Bounds on CovErr;(d, A\p;,n, k) for specific cases

1

RSV 0 D 31) oo | §)) < 28 [CovErri(d, A\, n))" (C.16)

While the expression in Eq. C.15 may seem complicated, it is possi-
ble to obtain concrete expressions for specific kernels through an appropriate
choice of d, similar to the approach in [67]. The idea is to choose a d which
makes the L;(d, Ap;) terms negligible in Eq. C.15. We do this for a few cases

below.

Finite Rank Kernels. Suppose kernel K has finite rank » — examples
include the linear and polynomial kernels. Then, for any i € [m], the partition-
wise covariance operator ¥; is also finite rank. Thus, we can pick d = r (in Eq.

C.15), which gives L;(d, Ap;) = 0 and X}, ; = 0. Also, U;(d, Ap;) = S;(Ap;) < r.
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Plugging these into Eq. C.15, we get:

Corn(rApn) = 0 (LELHAD) o

m@)

T (C.17)

Kernels with polynomial decay in eigenvalues. Suppose ker-
nel K has polynomially decaying eigenvalues, A\; < ¢j~" (Vj, and constants
¢ > 0,v > 2) — examples here include sobolev kernels with different orders.
Now, since we have ¥ = Y " ¥, being a sum of psd operators, the minimax
characterization of eigenvalues yields: )\; < \; Vj and any ¢ € [m]. As a con-

Aj

sequence, we have: Li(d,\) < >, s and Si(A) < S(A). Then, following

the same approach as [67] i.e. choosing d = n®/("=) for some constant C' > 0,
we get:
ROy I _ c [~ . _clv=1) . 4 clv=1)
Li(d, \p;) < — i < vl < N gl o AT T
( p)_/d ij+)\pij_)\pi/d 7= Ap; — Apin©
(C.18)

and, U;(d, \p;) < d = n®/=1_ Consequently, for v > 2 and A\p; > @, we

get:

1__C
n2 v-1

CovErr;(n®/®=Y A\p; n) = O ( logn) (C.19)

Kernels with exponential decay in eigenvalues. Suppose kernel K
has exponentially decaying eigenvalues, \; < ¢; exp(—c2j?) (Vj, and constants
¢1,02 > 0) — an example here is the Gaussian kernel. Again, since ¥ =
Yo, X, the minimax characterization of eigenvalues yields: A; < \; Vj and

any i € [m]. Thus: Li(d,\) < ¥,., 5% and Si(\) < S(). Choosing
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d = C+/logn/,/c; for some constant C, we get:

) C1 eXp(—CQjQ) . o /oo .
Li d, )\ i S . d S ox e d
(d, Aps) /d c1 exp(—coj?) + Ap; ) i ), p(—c27”)dj

(&1
Apin€

‘ eXp(—CQdQ) <

<
D

(C.20)

and, U;(d, A\p;) < d = C/logn/,/c;. Consequently, as long as Ap; > poly(1/n),
we can choose a sufficiently large C' to make the terms involving X/, and

Li(d, A\p;) negligible. Thus, we get:

CovErr;(Cy/logn, Ap;,n) = O <\/log n\(/l%g log n)> (C.21)

C.1.3 Proof of Lemma 3.1

The proof is as follows:

Err;(f, A(7))?

E () + 1) = Fioli) + file) = fir(@)) |

—
INs

~E[(f'

[
5 (Approx + 2Reg, (X, \) + 2E {(fm@ - fm(x)ﬂ)
(C.22)

where we have (a) since (a + b+ ¢)* < 2(a® + 2b* + 2¢%).

Now, following a standard bias-variance decomposition, we have:

o |B | (5@) = ir@)|| =B [(Fe) = Fix@)”] + Bp [ (i) = fiate)) ]|

= Bias;(A\,n) + Ep [Var; (A, D)] (C.23)
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Combining the above expressions, we get:

Ep [Errl(ﬁ)\)} < 2 [Approx;(X) + 2Reg; (X, A) + 2Bias;(\, n) + 2Ep [Var; (X, D)]]
(C.24)

C.1.4 Proof of Theorems 3.1, 3.2 and B.1

The theorems are a simple consequence of combining Lemmas C.2,
C.3, and C.4 via Lemma 3.1, plugging A;(\) = 0 with A\ = 0, ignoring the
bias terms which are of a lower order, and using the expressions for C'E; =

CovErr;(Ap;, n, k) discussed in Appendix B.1.1.

C.1.5 Proof of Theorem 3.3

Consider any A > 0, and let f; be the solution of Eq. (3.19). Now, for
any partition i € [m], consider the following optimization problem:

fi= argmin E [(f*(x) = f(2))*1 (z € C;)] (C.25)
FeRClIflse<|| 45

By duality, 3 X; >0st. fi= f,5, with f, being the solution of Eq. (3.7).
Now, by the optimality of f, 1, we have:
Approx, (%) = E | (f*(x) — f,5,(2))1 (v € C1)|

<E[(f*(2) - f3(2))%1 (z € C3)] = ApproxExror,(f;)  (C.26)

and H fz‘,X§

< I 5!l
= Il

Now, if X; < )\, we are done. Suppose X; > X\. Then, we know that

Approx;(A) < ApproxError(fy), since decreasing the regularization penalty

108



from X; to A would only decrease the approximation error. Moreover, using

the fact that the following function

TV :=minE [(f*(x) = f(2))°L (z € C)] + Aps £ 115 (C.27)

is a monotonically increasing function of A[55], we have:

_ _ 2
Approx;(A) + Ap; ”fJH; < Approxi()\;) + A\p; fz‘,X§ " (C.28)

< ApproxError; (f5) + Api || f5 5 (C.29)

Thus,

ApproxError; ( fx
fi,XH}c =0 <||f;||g{ + WT;ZW). Therefore, the result

holds with A\; = min(, X;)

The bound on the estimation error ¢ is a simple consequence of the
fact that, under the conditions assumed, all terms in Lemma B.1 involving
(CE)¥ are of a lower order, and that the condition Approx(X) = O\ || fxl1%)

guarantees that:

szHf

Then, combining Lemma B.1 via Lemma 3.1 gives us the required scal-

O(lfll3¢) (C.30)

ing.

C.1.6 Regularization Bound

In this section we provide a proof of the bound on Reg;(), ) in Lemma

B.1. The bound with exact constants is stated below.

Lemma C.2. For any A > 0, > 0 and partition i € [m),

(/\)\

Reg;(\,\) =E [(fl;(x) — fial2)?*1(z € CZ)} < pi———— Hfl/\H}f (C.31)
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C.1.6.1 Proof of Lemma C.2

Proof. We want to bound

E [(fix(2) = fir(@)?1 (z € Ci)] = ||fix — qui
1/2 fz)\)

(C.32)

Using first order conditions for the optimality of f; x and f; 5, we have

(Zi + Apil) fix = Efyo.1 (x € Cy)]

(Zi + il fix =Elyo.1 (z € C)] (C.33)

Thus, fix = (Zi + Apid) " (Zi + Apid) f 5.

Letting f;5x = >_; aju5, we get

5

El/Q(f fz Z /\z +)\p
- hV
= 520 - £ —p?<A—A>QZma?
A—A)? A—A)?
<p 2y s (o

]

C.1.7 Bias Bound

In this section we provide a proof of the bound on Bias;(A, n) in Lemma

B.1. The bound with exact constants is stated below.
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Lemma C.3. Consider anyd € N;d > 1, and k > 2. Suppose Assumption 3.1
holds for this k (with constant a,), and Assumption 3.2 holds. Also, suppose

16 log(np;

Vi € [m], p; satisfies: p; > == >7>. Then we have

Bias;(\,n) <(CovErri(d, A\p;,n))*x

(T3 + T+ 25 [CovBrry(d, Api, m)]* Ty + 27242 [CovBrri(d, Apy, )]/ )

(C.35)
where we let
1 pu—
n
(16&{@ — N2 pSiOw)? || fisll, 8 Hfi,x||§{>
Ty = n
A n n
2 02 i
7= (20iall+ 5 ) 04+ 2w
_ (AL ) AV
T, = Wi (C.36)
C.1.7.1 Proof of Lemma C.3
Proof. We want to bound Bias;(\, n), where
Bias;(A\,n) = E [(fix(z) — fix(2))?1 (z € C;)]
—E |((fir = fir 0)y) 1w € G|
= [|fin = Falls, (C.37)

Let Ay = fiy — f“\ Then, equivalently, we want to bound || [A] ||221

Now, from first order conditions of optimality for Egs. (3.2) and (3.8),
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we have

(35 4+ Apid) fin = E [y, 1 (z € Cj)]

(Ei + Al fix = Elyg.1 (z € )] (C.38)
Combining the above, we get
E (S + Wil As| =B (54 AnD) fin] = B [+ AniD)
= (Zi+ Apid) fin — Elyo.1 (z € Ci)]
=0 (C.39)
Rearranging and multiplying >, /\1/7 , we get
T EA] = —E [S02(5 — TS inil A
= —E [T (8 - )T s B X]]
(C.40)

where we let X denote the set {xy,...,z,} i.e. the covariates in the data D.

So,
\ SR e =B [oiE - s B s x|
= || B 1) V2 R(A,) H _HE[ s -y, E;LﬁfZi&ZE[Ab|X]”j{
< (B[ - somaret Bl x| ])
< (B[ - oz, et e 21 )
k|- sz 2| = e x|
(C.41)
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where we have (a) using the fact that (u, Z;u),, < (u, (X; + Apil)u), Vu € H,
(b) by Jensen’s inequality, (¢) by the definition of the operator norm, (d) by

the Cauchy-Schwarz inequality:.

Thus,

E-_lﬂ(ii - Ei)E_l/Q

1,Ap; 1,Ap;

A, <E || Je|l=hEmaf] co

- 1/2(Z . )E‘q/z

B,AD;

2
} For

Now, Lemma C.1 provides a bound for E U iApr
) 3 g_f

2
the remainder of the proof, we provide the bound for E ME” > E[A,| X] ” } .
H

1,AP;

Combining these bounds will yield the main statement of the lemma.

From first order conditions again (Eq. (C.38)), we have
(5 + A DE[Ay | X] = E[f*()doL (z € C)] — (5 + Api) fin (C.43)

Multiplying by El s % on both sides and rewriting differently, we get

L,Ap 1,A\D; i,Aps
=5/ ( [ (2)6.1 (z € C))] — (2 + )\pi)fiJ\)
= (B[(r@) = fir@)=ol (@ e G| - wsifi i) - (C4)

= | (s - s + 1) i,

(Z-_l/?(ii — TS+ f) S B [Ay | X]

2
E (A X]),

= [B[(r°@) ~ ftenmion @ € o] — a2l

2
n

3

n 4 !
J=1

H

(C.45)
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where we define w; = (f*(2;) = fia(2;))Tia)) 0,1 (25 € C) = ATy fin

1,Ap 1,AD;

Note that E [w;] = 0.

Sl (B - 557

Let us define the event €., = { iAps

< 1/2} Note
that from Corollary C.1, we have P (€¢, ) < 2% [CovErr;(d, Ap;,n)]". Now,

cov

under the event &€,

2
2 1 <
E U n2 R [A,,]X]H%} < 4F ‘Eij
Jj=1 K
4 & )
== > E[llwylz] (C.46)
j=1

To control E “ N2 B (A, | X]

2
} overall, we have
H

AP cov

E ||

2
n2 R [Abe]H%] ~E U

w22 2l ][ 1 6] +E

st el X[ 1)

<—ZE lwjllze]) + A%+ Ap)E [E [||A]15 | X] 1 (E5,,)]

(C.47)
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Bound on E [ijHiJ We have

B [l £ 28 | (7°(a)) — fine)? |2

—-1/2
1,A\Di ¢CUJ

]1 (ij € Cl)):| + 2()\]91) ‘ z){]éZfl)\

< 4E [(f*(ivg) - fJ(xJ))

$-1/2
z JADi (b%

1 ec)]

—1/2
1 JAD;

1 4R [(fi’A(:cj) — fin(z;))?

—1/2
z Apz ¢$]

ﬂ (ZEj c OZ))} + 2()\])1-)

(©)

< 4/E[(f*(x;) = fix(z) 'L (25 € Cy)] \/IE U

$-1/2
1,A\Di (bmj

IL (z; € Ci))}

+4|/fix— szHQE o E “

—1/2
i, AP ¢$]

RIUE cm] P20 [

(d)

< day/piAi(A N)2S;(Ap;) + 462 S;(Ap;) ||fM fMHz 2(Ap;)? 1%2]2
(0) A=A
< dar A 25, 0m) + 4t 2 0 ||fz,xu% + 21 | £l
T2
= [daiy/piAi(V)?] Si(Api) + {461%1%()\ )\)\) Si(Api)? +2)\pz} ||szH§{
(C.48)

where we have (a) using ||z +y|5 < 2|z|5 + 2|lyll5, (b) since (f*(z;) —

fin(z))? < 2(f*(x5) — fix(2;))? + 2(fix(x;) — fialz;))?, (c) using Cauchy-

Schwarz inequality in two different ways, namely, E [XY] < \/E [X2]\/E[Y?]
2 ) B

and (f,3(25) = fin@))? = ((fix = fins a0 ) < iz = Fially, | 2,

(d) using Assumption 3.2, and via Jensen’s inequality and Assumption 3.1

U 1 (z; € Cz’))} ~E [(Z X i;/\pi U}g)ﬁ (; € CJ)

7

—1/2
7 )\p,b ¢(17]

vi(z)?
J

)\Z + Ap;)
Si(\pi E
(Api) Z Zk A;/ (\L + \pr)

= aiSi(Api)?, (C.49)
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(e) using the relation f;x = %73 55, f;-

Bound on E [HAI,Hi | {z1,...2,}]. We have

(a) .12
B (180l | for 03] 2 20 fl+ 28 | 1)
21 . 257
< 4 Hme R Z(f (z;) — fix(z;))*L(z; € Ci) + ~
3 =1
(C.50)
where we have (a) using ||z + y||5 < 22|35 + 2 |yll5, (b) using optimality of
fix for the loss function in Eq. (3.4).
Overall Bound. Combining the above bounds with the terms in Eq.
(C.47), we have
2 _
50p) 4|l (A=
— ZE o 3] [ a1 /BAN)?] + = L4l S () + 20,
(C.51)

and
E (5 (180 Lo, on] 1 €50) < (4]l + 2 ) Pees)
_'_

2
—E
A

n%,z(f*(a:ﬂ — fix(@))"L(z; € C)) 1 (Siov)]
. (C.52)
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Now,

B |0~ fixa)?1 (0 € G L (E5)

n;

(%) \/E {%(f*(%) - fi,X(5Uj))41 (z; € Cl)} P(&%)

® \/m\/ﬁ\/E [(f(25) = fiz(a;) 25 € G E [ﬁ}

—
~

n—1)p;)?
D 4 BE AN (C.53)
— n\/E cov ? '
where we have (a) using Cauchy-Schwarz, (b) using n; = >°7_| 1 (z; € (),
independence of z1, ..., z,, and letting Y ~ Bin(n —1,p;), (¢) using Assump-
tion 3.2 and E [m] < exp(—np/8) + ﬁ for Y ~ Bin(n,p) with p < 1/2,
(d) using p; > sl

Consequently, we have

B (B (1A [ar] 1)) < (4150l + 55 ) B + 8BTS
(C.54)

Finally, plugging Eqgs. (C.51) and (C.54) into Eq. (C.47) followed by
Eq. (C.42), we have the bias bound

[[E [A)

2
2, <

(CovBrri(d, Api, m))? (Ti + Ty + 2 [CovBrry(d, Aps, )| Ty + 27242 [CovErri(d, Api, m)] /> T3 )
(C.55)
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where we let

o _ 10ary/BisiOp) Ai(V)?

1

n

— 2 2
- <16a§(A =32 2SR [fisllye | 83 Hfi,x||g{>

A n n

2 .
7= (20fal+ 5 ) 04+ m)
(N + Api) Ai(N)?

T:
4 W

(C.56)

C.1.8 Variance Bound

In this section we provide a proof of the bound on Ep [Var;(A, D)] in

Lemma B.1. The bound with exact constants is stated below.

Lemma C.4. Consider anyd € N,d > 1, and k > 2. Suppose Assumption 3.1
holds for this k (with constant ay), and Assumption 3.2 holds. Also, suppose

Vi € [m], p; satisfies: p; = Q (logn/n). Then we have

4(0% + a1/PiAi(N)?)S:(Api A —\)2p;
E [Var;(A, D)] < ( 1\/_71 V)5 )+4( h L ”szij
+ 2542 [ CovBrr;(d, Ap;, n)]* Wy + PERS [CovErry(d, Api,n)]** Wy
(C.57)
where we let
wy = (sl + 5
1 LA K 2\
Ai(V)?
Wy = ] C.58
2 1 )\\/E ( )
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C.1.8.1 Proof of Lemma C.4

Proof. We want to bound the quantity E [Var;(A, D)], where

Var;(\, D) = E [( Fir(@) — fir(@))?1 (z € oi)} (C.59)

fm — fix

(C.60)

2
X

firx—f

=2

where f; 5 is the solution of (3.7). Let A, = fir— Jix-

k3

_ . 2
Since fiy =E [fz,\] minimizes E l } for f € H, we can get:
)

E[Var(\,D)] = E [ For— Fox

fix = fin

i] (C.61)

Now, from first order optimality conditions for Eq (3.2), we have

(S + i) fia = E[yo,1 (2 € C)] (C.62)

I
&

[f*(2)6.1 (z € C)] + E [, 1 (z € C)) (C.63)
Subtracting (3 + Ap;I) fix from the above, we get,

(S + M)Ay = E [(f*(2) = fix()¢al (v € C)) = Mpifix] + Enéal (z € C)]
(C.64)

[(f*(x) = fix(@)ée1 (x € C) = Apifi5] + Ené1 (x € C) + (X = Npifix
(C.65)

I
&

Thus,

(oS = s + 1) S A = B[(£(2) — fix(@) S 6el (v € C) = iS00 fin
+E

E 6.l (@ € C)| + (A= Sl i
(C.66)
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zijj;f(ii - )% 2

Let us define the event €., = { <1/ 2} Note that

from Corollary C.1, we have P (&¢,,) < 2% [CovErr;(d, Ap;,n)]". Now, under

cov

the event &€,,,

Bl [si | <8 |[B [0 @ - faorsiion @ e oo - B
- am | [B oo e e o] [ e am-ot e
(C.67)

Now, we can control each of the component terms in the above inequality as

follows:

AR [HI@ [(f*(x)—fz-i( ))Zia, Gol (xeoi)_XpiEi_’;g?fi’A”‘j{}

a) 4 % _ 4o — 2
928|770 - fa)? [ 1w e ] - 20 2
n n %

(®) 4 _

< ~\E[(f(2) — fix(@)'1 (= € C) \/ [Ha V] 1w e a)}

(0 4

< —au/EA( A)2Si(Api) (C.68)
where we have (a) using independence of {z1,...,z,} and
E[(f*(x) = fx(2))¢a1 (z € C;) = Apif; 5] = 0 (via first order optimality con-

ditions for f;5) , (b)using Cauchy-Schwarz and ignoring the negative quantity,
Zif@ 1(z € CZ)] < a2S;(Ap;)? (via

(¢) using Assumption 3.2 and E U

Assumption 3.1),
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And,

o [HE [nzz Wbl (x € CD] Hj{}

ZZ%W <Ez a a1 (w5 € Cr) 53 2, 1 (w0 € Ci)>g{

7j=1 k=1

1 . —12 —1/2

EZ < lAéquIJ’ 1i;i¢xj>%1(xjeci)
j=1
4025 (\p;)

n

—~
N

a

I
W

E

I/\v

(C.69)

where we have (a) since E[nn] = 0 for j # k, (b) using E[n?}] < o®
$-1/2

|:‘ 1)\£ ¢Z‘]
And,

)

} = S;(Ap;) and the independence of 7; and x;,

2
CPI RSP SRy (3
AR =P8R |2 ], = AR - ey

A —\)2p;
<42V e (C.70)

Thus, overall, we have

J ==
SE“ |,

. 4(U2+a1\/27i:i()\)2)51(>\17i) _|_4(X —)\)\)2]% ||f1 >\||9{+E{

. 4(0? +a1\/E:( )*)Si(Api) L4 _;ngi 1.5l

2
n2A,

(2

n2A,

7

E |

1 (Em)] +E {

1/2A
“Ila¢

H
2

(e

1/2 <8zov>}

,L’Api

1/2A
“lla¢

1 (Ecov)] +E {

1/2A

RICH]

+ME [E [|Alls |21 2a] 1(E5,,)] (C.71)

where in the last step, we use the fact that €., only depends on {x1,...x,}.
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Now, we have the following bound on E [HAvH?{ EZe
) 2
E [ |21 .. 2,] =E ]

|x1xn]
H

fi,)\ - fy;,X

~ 2
@ 2 21
< 4|l fsll 25 + T Do @) — fixle)L (€ )
(2 ]:

(C.72)
where we have (a) using the optimality of f;, in Eq. (3.4)

Plugging the above back into Eq. (C.71), we get

4(0* + a1 yBANASOp) (A= A2, ip(ge i
E [Var;(\, D)] < 1‘/_n +4( )\> ||fi,x||§{+4>\1p(5cov) (HfMHj{Jfﬁ)
AN 5 ¢
+ 4TE TL_ Z(f (l’]) - fi,X(l.j)) 1 (:Ej € Cz) 1 <8cov)
(A _]:1
(a) 4((72 + a \/p_l-Ai (X)2>Si(>\pi> (X — )\)2]%' 2 i c 2 o
< - 4 sl + ANP(EL,) <HfMHg{+ 5)
X, <
+ 16 /P(Ec,, ) Ai(N)?
VLI AR
< 1\/_71 +4( N ) ”fi,X”:H

2
+ 220 [CovErry (d, Aps, n))* (Hmei + ;_A)

Ai(N)?

k .

234\ [CovErr; (d, Ap;, n)]** S22 C.73

+ 1[ ov rr(7p’n)] )\\/E ( )

where we have (a) using the same sequence of inequalities employed in Eq.
(C.53). O
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C.1.9 Proof of Lemma C.1

Proof. Using the triangle inequality, we obtain the decomposition

1/k w1 1/k
E “ (S — n) D 1 <E [HZMW (5 — Shx; 1/ (C.74)
T
.
+IE[HE_1/2 (54— xdys; 12 +H2‘1/2 (24 — 3,5, 2

. - / ~~

T 15

Bound on 7). Consider the term ‘

2S5 = SHT|. Using the
definition of ¥; and f]jl from Eqs. (C.4) and (C.9), and then applying the

triangle inequality, we have

- s <!

_1/2 ¢$j ® ¢$]) (Pdgsz ® qubazj _1/2H ]1 ‘/L‘] € C)
(C.75)

Now, recall that for any z € X, we let 1/2% = ¢, and PdL = Zj>d(v;' ® U;)
Also, ¢, = Py¢l, + Pi¢l.. Then,

|23 (0: @ 62) = (Pae ® Pas)); "
= 11(6), ® ;) — (Pact, ® Pad,)|

= [|(Pi ¢, ® Py éy) + (P ¢y ® Pudl) + (Pag, ® Pyt |

= 2 |26, © (PH6, + 2Puds) + (Pidl, + 2Pa6l) © o

1
2 (1P 6Ll + 11 Pl 1P, + 2Pac )

—
S

INE

|PE 6 ||o + || P 1P, 15 (C.76)
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where we have (a) using [[u®v+v@u| = ((v,u)q + ||ull5 [|v]4), and (b)

using the triangle inequality.

Plugging this back into Eq. (C.75), we get

2
Lo
H * HPd ¢,

deﬁb;-
K J

12,8 e 1 «
HEMM(E@' - E?)Ei,;/2” < EZ (prfﬁ&j g{) 1 (z; € Cy)
j=1

(C.77)

Taking expectation of the k' power on both sides, and using the triangle

k::| 1/k

. | | 1/k l n L
wec)| +_ Y E||pte,
=1

inequality again, we get
—1/2,¢ Sy o —1/2

E |5 - 2

<> k||t

—n 4 d Vx;
7j=1

2 L5 g |pte

~n — d Yx;

1 n
“NE HPL’_
‘I’n; |: d(sz

2k
¥

k H , k
Po.
5 il

1/k

2k
H

1/k
1 (.Tj S Cz):|

2k
H

2
H

1/2k & 1/2k

(C.78)

where we have (a) using the Cauchy-Schwarz inequality.

Now, as a consequence of the reproducing property of kernels, we note

that ¢,, for any x € X, has the representation:

Op = Zv;l(x)v;i (C.79)
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Thus,

= Py = e AL
’ Z ,/wa ’
|Pd Hﬂ{ /\z +)\

j>d

k
k
- teli - (3 H)
j>d 7

o AL/(XE+ ) P22/ )\ k
( Pzd)\ )\ +>\ Zd (Zpﬂé/@? +)\))(vj(13)) /)\j>
@ AL/(AL 4+ 2) CICORY
< (Z o > (; (o N/ 0+ N) < Aj ) )
(C.80)

where we have (a) using Jensen’s inequality.

Therefore, using Assumption 3.1, we get

E || Pty 1(zeC } ( = H) (C.81)

J

Similarly, we can obtain

E [\!Pd¢;|\§f]l(x €Cy) } (Z A ) (C.82)

125



Combining these bounds gives

1/k /\ d Y

E || s -5 2_1/2H < 7
{ i { ) so {5t Z/\Ur)\ Z)\Ur)\

j>d j>d J=1
(C.83)
N
where L;(d, \) = Zpd /\ZH and U;(d, \) = Z?:l ,\;‘.ix
A k 1/
Bound on 75. We want to bound the quantity E [ ;;/Q(Zf _1/2 H }

Using the definition of $¢ from Eq. (C.9), we have
_1/2,¢ - 1~ (o _ -

Zi;m@d Zd)E 1/2 == Z (Z 1/2(Pd¢x @ Paga, 1 (z; € C)); 1/2 _ % Al/QEdE 1/2>

j=1

1 _ -
- ((Pagt, @ Pagl, )1 (a5 € Ci) = 2,5, 1)
j=1
(C.84)

where ¢ = X 1/2@,, for any x € X. Now, as seen in Eq. C.80, we have the

representation:

Pt = (C:85)

= Pdfiﬁ;j ®Pd¢;j = ZZ N +)\\/)\1]l)\( ® v)) (C.86)

m=1 n=1

Also, using the definition of ¢ from Eq. C.10, we have the relation:

o inn? = ZN (vl @) (C.87)
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Now, let A; € R%? be a matrix such that

For m # n, Aj(m,n) = vl (z;)v.(z;)1 (z; € C)) /(AL XA+ N) (C.88)

Aj(m,m) = (v, (2;)°L (z; € Ci) = \,) /(A +A) (C.89)

Also, let B =37 | Aj/n. Then,

A - 2D = %i (Z > Aj(mn) (v, ® v@)) (C.90)

So, we get

2 - 2hs = ||B|l, =

1 n
“2{: 2{: m, 71 U R v ) ;; EE:AAJ
=1 n=1 _]:1
(C.92)
where |[|-||, corresponds to the usual spectral norm for finite dimensional ma-

trices.

7j=1

1/k K11/k
Thus to bound E [HE /2 Zd Ed)Z /2 } , we need to bound E {H } .

To do this, we can use the following result from [12] (similar to its use in [67])
which provides a bound on the moment of the spectral norm of a sum of finite

dimensional random matrices.

Lemma C.5. Theorem A.1 [12] Let ¢ > 2, and fix r > max{q,logd}. Con-
sider a finite sequence {Y;} of independent, symmetric, random, self-adjoint

matrices with dimension d x d. Then,
‘ 1/q 1/2

1/q
+2rE [max ||YZ~||3] (C.93)

q

2
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We apply Lemma C.5 in our case with the sequence of matrices {%}

to get
k] Uk 1/2
1 & Velogd || 2elogd k L/k
B4 | <Y SR+ 2B E a4
Jj=1 2 J=1 2

(C.94)
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as:
2

Now, we can bound szzl E [A?]

< ZIIIE (4311,
< ZE (14,1

> e[
j=1

n d .
Al vl ()% (z; € C)
o 2 : m E m J J
z (ZW) (
j=1 m=1 m=1
. 2 . 2
@)\ D L v ()1 (2 € Cy) TN,
=2 2 PYRNEDY a PYRNEDY
j=1 m=1 m j=1 \m=1"Mm
. 2
g | [N (@)L (z; € C)
- = mzzl AL+ A

m=1 m

(oY S NN i e))
_Z<ZA’“/ “’“”)) - (Z S AL (AL A+ A A

(©) & d i /() i (21 (1 N 2

< ZUi IAPE S —fn/ B (vmuy) Lz, € q))
j m=1 Zmzl )‘in/<)‘¢n + )‘) )‘m

5)

< ZU (d, \)?

:”Ui(d’ )i (C.95)

where we have (a) using the triangle inequality, (b) using Jensen’s inequality,

(c) since the spectral norm is upper bounded by the trace, (d) using the fact
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that E [0}, (z;)?1 (z; € C;)] = A%, for any m, (e) using Jensen’s inequality again,
and (f) using Assumption 3.1.

We can also bound E [maxj HAJHS] as

B [max 4] < ZE[HAH]
k
(@) & vl () IEO) i
S e (5 A=, 1)

k
(b) & 40l ( (z; € CY) VRN
N R j €Ci ok (A
—; (Z » A N <>\ﬁ+)\)

1

© PN
< 2% [ Ui(d, \)*a 1 .
<n (Ul(d, A)fay + ()\Zl 4 )\) > (C.96)

where we have (a) using the triangle inequality for the spectral norm and the

, d
fact that 4; = voT — D with v = {vin(xj)ll (xj € Cy) [\ /AL, + )x} and
m=1
D = diag ({\.,/(A\L, + AN)}%,_,), (b) using the inequality (a+b)F < 2¥(a" 4 bF),

and (c) using Jensen’s inequality and Assumption 3.1.

Thus,

1/k i
A
kLT <ok (1 A .
E {mjax ||A]||2} <2n (U,(d, Nay + (/\11 n )\)) (C.97)

Plugging these bounds into Eq. (C.92), we finally have

1/k
] _E

k 1/k
_1/2(2d Ed)z—l/Q
B

?|
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Bound on 73. We wish to bound HE;/Q(E? - Ei)E;i/QH. Using the

definition of ¥¢ from Eq. (C.10), we can get

N

—1/2 —1/2 i i
S (S =280 = =) 0 @) (C.99)

i>d " J
Thus,
NV (nd s anT2) = A C.100
i,/\(i_i) A _)\i +\ ( )
d+1

Overall Bound. Combining the bounds on the terms 77, 75 and T3,

we get the final bound in the lemma. ]
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Appendix D

Appendix C - Proofs for Chapter 4

D.1 Proof of Lemma 4.1

By Condition 1, we know that for any I C [n], |I| = n — s, we have

1 € span{b; |i € I}. In other words, there exists at least one x € R~ such
that:

xB(I,:)=1 (D.1)

Therefore, by construction, we have: AB =1 (") xn and the scheme (A, B) is

S

robust to any s stragglers.

D.1.1 Proof of Theorem 4.1

Consider any scheme (A, B) robust to any s stragglers, with B € R™"**,
Now, construct a bipartite graph between n workers, {W7,..., W, }, and k
partitions, { P, ..., P}, where we add an edge (i, ) if worker i and partition

J is worker 7 has access to partition j. In other words, for any i € [n], j € [k]:

. {1 if B(i, 5) # 0 (02

0 otherwise

Now, it is easy to see that the degree of the i worker W; is |||,

Also, for any partition P;, its degree must be at least (s+1). If its degree

is s or less, then consider the scenario where all its neighbors are stragglers. In
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this case, there is no non-straggler worker with access to P;, which contradicts

robustness to any s stragglers.

Based on the above discussion, and using the fact that the sum of
degrees of the workers in the bipartite graph must be the same as the sum of

degrees of partitions, we get:

> lbillg > k(s + 1) (D.3)

Since we assume all workers get access to the same number of partitions, this

gives:

k(s+1)

1bill g > , for any i € [n] (D.4)

D.2 Proof of Theorem 4.2

Consider groups of partitions {G1,. .., Gy s41)} as follows:

GlI{Pl,...,Perl}
Gy = {Ps+27-~-7p23+2}
(D.5)

Grjisst) = {Prs -, P} (D.6)

Fix some set I C [n], |I| = n — s. Based on our construction, it is easy

to observe that for any group G, there exists some index in I, say ig, € I,

such that the corresponding row in B, b;, has all 1s at partitions in G; and
J

Os elsewhere. This is because there are (s + 1) rows of B that correspond in
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this way to G; (one in each block Eblock); and so at least one would survive in

the set I of cardinality (n — s). Now, it is trivial to see that:
1 espan{bicj lj=1,...,n/(s+ 1)} (D.7)
Also, since
span{bicj li=1,....,n/(s+ 1)} Cspan{b; |i € I}, (D.8)

we have 1 € span{b; |i € I}.

Finally, since the above holds for any set I, we get that B satisfies

Condition 1. The remainder of the theorem follows from Lemma 4.1.

D.3 Proof of Theorem 4.3

Consider the subspace given by the null space of the random matrix H

(constructed in Algorithm 4.2):
S={reR"|Hz =0} (D.9)

Note that H has (n—1)s different random values (s for each column), since its
last column is simply the negative sum of its previous (n — 1) columns. Now,

we have the following Lemma listing some properties of H and S.

Lemma D.1. Consider H € R***" as constructed in Algorithm 4.2, and the

subspace S as defined in Eq. D.9. Then, the following hold:

o Any s columns of H are linearly independent with probability 1
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e dim(S) =n — s with probability 1

e 1 €S, where 1 is the all-ones vector

Fori € [n], let S; denote the set S; = {i mod n, (i+1) mod n,..., (i+
s) mod n}. Then, S; corresponds to the support of the i* row of B in our

construction, as also given by the support structure in Eq. (4.10).

Recall that we denote the it row of B by b;. By our construction, we

have:
bi(i) =1
bi(Si\ {i}) = —Hg\ (o Hs (D.10)
Now, we have the following lemma;

Lemma D.2. Consider the it" row of B constructed using Algorithm 4.2 (also

shown in Eq. D.10). Then,

L] bl es
o Fvery element of b;(S; \ {i}) is non-zero with probability 1

e For any subset I C [n], |I| = n — s, the set of vectors {b;|i € I} is

linearly independent with probability 1

Now, using Lemma D.2, we can conclude that for any subset I C

n], [I| = n — s, dim(span{b;|i € I}) = n — s and span{b;|i € I} C S.
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Consequently, from Lemma D.1, since dim(S) =n —s and 1 € S, this implies
that:
span{b; |i € I} = S with probability 1 (D.11)

and, 1 € span{b;|i € I}. Taking union bound over every I shows that B

satisfies Condition 1. The remainder of the theorem follows from Lemma 4.1.

D.3.1 Proof of Lemma D.1

Consider any subset I C n, |I| = s such that n ¢ I. Then, all the
elements of H; are independent, and det(H7) is a polynomial in the elements of
H;. Consequently, since every element is drawn from a continuous probability
distribution (in particular, Gaussian), the set {H|det(H;) = 0} is a zero
measure set. So, P (det(Hy) # 0) = 1, and thus the columns of H; are linearly

independent with probability 1.

If n € I, then we have:

det(H;) = det(H) (D.12)

where we let H = [ Hpfny, — Zie[n}\ ; H;|- The elements of H are independent,

so using the same argument as above, we again have P(det(H;) = det(H) #
0) = 1. Finally, taking a union bound over all sets I of cardinality s shows

that any s columns of H are linearly independent.

Since any s columns in H are linearly independent, this implies that
rank(H) = s. Since the subspace S is simply the null space of H, we have
dim(S) =n —s.

136



Finally, since H,, = — Zie[nq] H; (by construction), we have H1 = 0
and thus 1 € S.

D.3.2 Proof of Lemma D.2

By construction of b;, we have:
Hb; = H; + Hgp\ (30 (S; \ {i}) = H; — H; = 0 (D.13)

Thus, b; € S.

Now, if possible, let for some k € S;\ {i}, b;(k) = 0. Then, since b; € S,
we have:

Consequently, the set of columns {j |j € S;\ {4, k}}U{i} is linearly dependent
which contradicts H having any s columns being linearly independent (in
Lemma D.1). Therefore, we must have every element of b;(S; \ {i}) being

Nnon-zero.

Now, consider any subset I C [n],|I| = n —s. We shall show that
the matrix B; (corresponding to the rows of B with indices in ) has rank
n — s with probability 1. Consequently, the set of vectors {b; |i € I} would
be linearly independent. To show this, we consider some n — s columns of
By, say given by the set J C [n],|J| = n — s, and denote the sub-matrix of
columns by By ;. Then, it suffices to show that det(By ) # 0. Now, by the
construction in Algorithm 4.2, we have: det(B; ;) = poly,(H)/poly,(H), for

some polynomials poly, () and poly,(-) in the entries of H. Therefore, if we can
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show that there exists at least one H' with H'1 = 0 and poly, (H’)/poly,(H') #

0, then under a choice of i.i.d. standard Gaussian entries of H, we would have:
P (poly, (H)/poly,(H) # 0) = 1 (D.15)

The remainder of this proof is dedicated to showing that such an H’
exists. To show this, we shall consider a matrix B € R"™*" guch that
supp(B) = supp(B;) and det(B. ;) # 0, where B.; corresponds to the sub-
matrix of B with columns in the set J. Given such a B , we shall show that
there exists an s X n matrix H' (with H'1 = 0) such that when we run Algo-
rithm 4.2 with this H', we get a matrix B’ s.t. B} = B i.e. the output matrix
from Algorithm 4.2 is identical to our random choice B on the rows in the set 1.

This suffices to show the existence of an H' such that poly, (H")/poly,(H") # 0,
since poly, (H')/poly,(H') = det(B] ;) = det(B;) # 0.

Let us pick a random matrix B as:
B=B;D (D.16)

where Bj is a matrix with the same support as B; and with each non-zero
entry i.i.d. standard Gaussian, and D is a diagonal matrix such that D; =
> o1 Bi(4,1), i € [n]. Note that a consequence of the above choice of B is
that the sum of all its rows is the all 1s vector. Now, it can be shown that
any (n — s) columns of B form an invertible sub-matrix with probability 1.
Let S; be the support of the i row of B. The rows of B} have the supports

Si,i € I. Now because of the cyclic support structure in B, any collection
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{i1,42,...,it}(0 < k < n — s) satisfies the property:
US| > s+ k (D.17)

Using Lemma 4 in [17], this implies that there is a perfect matching between
the rows of B} and any of its (n —s) columns . Consequently, with probability
1, any (n — s) columns of B} form an invertible sub-matrix. Also, since every
column of B} contains at least one non-zero (again, owing to the support
structure of B), this implies that with probability 1, all the diagonal entries
of D are non-zero. Combining the above two observations, we can infer that

any (n — s) columns of B form an invertible sub-matrix with probability 1.

So far, we have shown existence of a matrix B with the following prop-
erties: (i) B has the same support structure as By, (i) any (n — s) columns
of B form invertible sub-matrix, (iii) the sum of all rows of B is the all 1s
vector. Now, for any such E, we shall show that there exists an H' such that
H'BT = 0 such that any s columns of H' form an invertible sub-matrix. This
implies that when we run Algorithm 4.2 with this H’, the output matrix would
be the same as B on the rows in the set I. The remainder of the proof then

follows from our earlier discussion.

Now, consider any set @ C [n],|@Q| < s. Suppose we pick any invertible

Hlg, and set H!, o =

H'BT = 0 and its columns in the set (@ form an invertible sub-matrix. Now,

—HiQETQ(ET[n]\Q)_I. Then, such an H’ satisfies

since invertibility on the set @ simply corresponds to det(H!,) # 0 (i.e. some

fixed polynomial being non-zero), if we actually picked a uniformly random
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H’ on the subspace H'BT = 0, then
P (det(H:”Q) £0|H'BT = 0) ~1 (D.18)
Taking a union bound over all (Js, we get that

P (any s columns of H' form an invertible sub-matrix | H' BT = O) =1
(D.19)
Thus, there exists an H' satisfying H’ BT = 0 with any s of its columns forming

an invertible sub-matrix. Also, since the sum of all rows of B is 1, this implies

H'1=0.
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